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ABSTRACT. Let S be a compact surface of genus > 2 equipped with a metric that is flat everywhere except
at finitely many cone points with angles greater than 27r. We examine the geodesic flow on S and prove local
product structure for a wide class of equilibrium states. Using this, we establish the Bernoulli property for
these systems. We also establish local product structure for a similar class of equilibrium states for geodesic
flows on rank 1, nonpositively curved manifolds.

1. INTRODUCTION

In this paper we develop a technique for obtaining local product structure of equilibrium states using
the non-uniform Gibbs property, following an idea of Climenhaga for Anosov diffeomorphisms with the
uniform Gibbs property [Cli23]. This is applied for a wide class of equilibrium states for the geodesic flow on
translation surfaces (Section 3.3) and rank 1, nonpositively curved manifolds (Appendix A). More precisely,
we consider equilibrium states for potential functions which are locally constant on a neighborhood of a
‘singular’ set for the flow — a set of geodesics which do not experience any of the hyperbolic dynamics of
the flow. We expect that the techniques used can be extended beyond the discussed settings to some other
applications of the Climenhaga-Thompson decomposition machinery [CT16].

Using the classical machinery [OW73], the local product structure allows us to improve the K-property to
Bernoulli. We recall that the K-property for these potentials on translation surfaces was shown previously
in [CCE*23] and for rank 1, nonpositively curved manifolds in [CT22]. Moreover, [ALP24] established
the Bernoulli property in the latter setting bypassing the establishment of the local product structure of
the equilibrium states. Therefore, we provide the details for obtaining the Bernoulli property only for the
translation surface case. However, it can be also adapted for the rank 1, nonpositively curved manifolds
case. More history on the development of the subject can be found in Section 1.1.

Towards our main results, we prove that the considered potentials have the global Bowen property, an
improvement from the non-uniform Bowen property previously established in [CCE*23] and [BCFT18] for
the respective cases, which may be of independent interest.

1.1. Previous results. Local product structure of equilibrium states associated to any Holder continuous
potential for Axiom A flows was obtained by Haydn [Hay94] using Markov partitions and symbolic dynamics,
by Leplaideur [Lep00] using a geometric method that relates the considered equilibrium states to other
equilibrium states of some special sub-systems satisfying expansiveness, and by Climenhaga [Cli24] using
dimension theory. Former results in this direction are [Mar70, Ham89, Has89, Kai90, BM77, Ser80].

The first result showing geodesic flows are Bernoulli was Ornstein and Weiss’s proof that geodesic flows
on compact, negatively curved surfaces are Bernoulli with respect to the Liouville measure [OW73]. This
work builds on Ornstein’s work providing the first examples of Bernoulli flows in [Orn70], and provides a
framework for showing a flow is Bernoulli that has frequently been followed, including in the present paper.
(See section 4.2 for an outline of this argument.) Ratner noted that the Ornstein-Weiss argument could be
applied to transitive, C? Anosov flows with Gibbs measures [Rat74].

One direction in which to generalize these results is to situations with non-uniform hyperbolicity. In
[PesTTb, Pes77a], Pesin relaxed the negative curvature assumptions of [OW73] to surfaces with no focal
points. Burns and Gerber showed that even in some situations with significant positive curvature, specifically
for some special metrics on 2-spheres, the geodesic flow is still Bernoulli with respect to the Liouville measure
[BG9]. As a corollary of the work of Ledrappier, Lima, and Sarig [LLS16], the measure of maximal entropy
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is Bernoulli for the geodesic flow on any closed surface whose curvature is not identically zero. Call and
Thompson prove that the measure of maximal entropy is Bernoulli for closed, nonpositively curved, rank-1
manifolds [CT22]. Using countable Markov partitions, Araujo, Lima, and Poletti established the Bernoulli
property for equilibrium states for Holder continuous potentials with the pressure gap as in [CT16] and some
multiples of the geometric potential in the same setting [ALP24].

Chernov and Haskell proved that non-uniformly hyperbolic flows with the K-property satisfying a list
of properties are Bernoulli [CH96]. Similarly, Alansari proves that the K-property implies Bernoulli in the
setting of hyperbolic measures with local product structure [Ala22].

A second direction of research relevant to our work here has been geodesic flows on non-manifold spaces.
Roblin originally showed the existence of the measure of maximal entropy for geodesic flow in the CAT(-1)
setting [Rob03]. Constantine, Lafont and Thompson proved the geodesic flow on a compact, locally CAT(-1)
space is Bernoulli (or constructed from a Bernoulli shift) for equilibrium states [CLT20b]. In [BAPP19],
Broise-Alamichel, Parkonnen, and Paulin present extensive results on this setting; they significantly weaken
the compactness assumption, but do need an assumption on the types of potential function allowed. Recent
work in the non-compact direction but without this restriction on the potentials is due to Dilsavor and
Thompson [DT25].

1.2. Statement of results. Let S be a compact surface of genus g > 2. Equip S with a flat Riemannian
metric away from a finite collection of ‘cone points,” at each of which the total angle is greater than 27. (See
§2 for precise definitions). Let g; be the geodesic flow on G'S, the space of geodesics on S.

Given a potential function ¢ : GS — R, one can hope to find equilibrium states for ¢. In our previous paper
[CCE™23], we proved that if ¢ is Holder and satisfies a pressure gap condition (see [CCE*23, Theorem A]),
then it has a unique equilibrium state u that satisfies the K-property. We also show ([CCE*23, Theorem B])
that potentials that are locally constant on some neighborhood of the singular set for the flow satisfy this
pressure gap condition, providing a more easily checked condition on ¢.

In this paper we improve these results for locally constant potentials by proving more refined properties
of the dynamics of (GS, gy, ).

We say a measure p on GS has local product structure if at small scales, u is equivalent to a product
measure, constructed using a (geometric) local product structure based on the unstable and weak stable
foliations. (See Sections 2.3 and 3.3 for precise definitions.) Our first main theorem is the following:

Theorem A. Let (GS,u,g:) be as above, where p is the equilibrium state for a Hélder potential which is
locally constant on some neighborhood of the singular set for g; (Definition 2.2). For any e > 0 there is a
subset E of GS with u(E) > 1 — ¢ on which the measure u has local product structure.

A measure-preserving flow (X, p, {®:}) is said to be Bernoulli if for all ¢ # 0 the discrete dynamical
system (X, u, ®;) is isomorphic to a Bernoulli shift. Our second main theorem is the following:

Theorem B. (GS, i, gt) as in Theorem A is Bernoulli.

In the process of proving these theorems, we examine the Bowen property for the potential ¢ relative to
our flow (see Definition 3.2). The Bowen property for some collection C of orbit segments says, roughly, for
any two segments from C of equal length which stay close together, the integrals of ¢ along the segments are
close, uniformly over all of C and over all lengths of the segments. In [CCE'23] we proved this property for
a large collection of ‘good’ segments — those that experience a definite amount of the hyperbolicity of the
flow. (See Prop 3.5 for the details.)

In the present paper we improve this to a global Bowen property, where C can be taken to be all orbit
segments. The argument uses the technology of A-decompositions, which has been the main technical tool
for applications of the Climenhaga-Thompson machinery. For other applications of Climenhaga-Thompson
technique that do not use A-decompositions, see for instance [CKW21, PYY22a, PYY22b, CT12]. Hence,
this argument, in particular Proposition 3.6, may be of independent interest in other settings.

Theorem C. For (GS, u,g:) as above, and for ¢ which is Hélder and is locally constant on B(Sing,d) for
some § > 0, ¢ has the global Bowen property.

In an Appendix, we adapt Theorem A to geodesic flows on nonpositively curved, rank 1 manifolds to
provide a geometric proof of the local product structure of equilibrium states.
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Theorem D (compare to [ALP24, Theorem 8.1], [Sarll, Theorem 1.1]). Let M be a closed, connected,
Riemannian manifold which is rank 1 with nonpositive sectional curvature. Let (T*M, i, g¢) be the geodesic
flow on its unit tangent bundle, together with an equilibrium measure p for a Holder continuous potential
which is constant on a neighborhood of the singular set for g;. Then for any € > 0 there is a subset E of GS
with w(E) > 1 — € on which the measure p has local product structure.

1.3. An outline of the paper. The outline of this paper is as follows.

In §2, we introduce the necessary geometric background, beginning with some basic geometric lemmas
(§2.2) as well as developing properties of the stable and unstable sets in our setting (§2.3). In §2.4 and §2.5,
we introduce the Bowen bracket operations and exploit the local (topological) product structure of GS.

In §3 we prove some of our main results on the dynamics of the geodesic flow. In §3.1, we show that
the potentials considered in this paper satisfy the Bowen property globally, rather than only on some good
collection of orbit segments. Then, in §3.2, we recall the Gibbs property developed for the Climenhaga-
Thompson machinery, and show how it interacts with Bowen balls in our setting. Finally, in §3.3, we
establish the local product structure of our unique equilibrium states.

§4 is devoted to the proof of the Bernoulli property. After establishing some preliminary definitions in
§4.1, we give an outline of the steps of an argument for the Bernoulli property due to Ornstein and Weiss
[OW73] in §4.2. §4.3 covers the first two steps of this outline, which mainly involve recalling Lemmas from
previous papers and the local product structure proved at the end of §3. In §4.4 we prove a “layerwise”
intersection property for a partition which is needed in the proof. §4.5 and §4.6 conclude the proof.

Appendix A turns to the smooth setting and presents the proof of Theorem D. The proof follows the
arguments of §3. In §A.1 through §A.3 we discuss the tools needed for the proof, and in §A.4 we prove
Theorem D. Our exposition primarily highlights the adjustments needed to the proof of Theorem A in the
rank 1 setting.
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2. PRELIMINARIES
In this section we collect a few preliminaries which will be used throughout the proof.

2.1. Definitions. First, we define the main objects of study.

Throughout, S is a flat surface with finitely many large cone angle singularities. That is, S is a compact,
connected surface of genus g > 2 equipped with a metric which is flat except at finitely many points, called
cone points and denoted by Con. The total angle around p € Con is denoted L(p) and satisfies L£(p) > 2.
We denote by 6y the minimum of £(p) — 2x over all p € Con.

S is the universal cover of S, and is a CAT(0) space. (See [BH99, Part II] for definitions and basic results
on CAT(0) spaces.) dgs and dg are the metrics on S and S, respectively. The unique geodesic segment
joining points p, G € S is denoted [, q].

The geodesic flow takes place on the space of geodesics:

GS ={y:R— S :~is alocal isometry}
GS = {#:R— S : 7 is a local isometry}.

We endow these spaces with the following metrics:
(oo}

daé(%ﬁz):/ dg(%(s),’yz(s))e—?\SIdS’

— 00
dgs(v1,72) = inf dgg(91,72)
V1,72
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where the infimum is taken over all lifts of v and  to GS. The geodesic flow is defined by g;(7(s)) = y(s+t).
The geometric feature that drives the dynamical properties we study is the ability of geodesics to turn
with various angles when they encounter cone points.

Definition 2.1. The turning angle of v at time t is 6(v,t) € (—1L(y(t)), 3L£(7(t))] and is the signed
angle between the segments [y(t — §),v(t)] and [y(t),v(t 4+ )] (for sufficiently small 5 > 0). A positive
(resp. megative) sign for 0 corresponds to a counterclockwise (resp. clockwise) rotation with respect to the
orientation of [y(t — d),v(t)].

Geodesics that do not encounter cone points do not experience the hyperbolic dynamics caused by those
points and hence are (from a dynamical perspective) singular:

Definition 2.2. The singular geodesics are
Sing = {y € GS : |0(v,t)| =7 VteR}.

Sing is g;-invariant, closed, and, hence, compact. Some, but not all, singular geodesics lie in flat strips:
Definition 2.3. A flat half-strip in S is an isometric embedding of [0,00) x [a,b] into S for some [a,b]. A
flat strip is an isometric embedding of R X [a,b] into S for some [a, b).

In our previous paper [CCE'23, §3], we defined a function A : GS — [0,00) which played an essential
role in studying the dynamics of the geodesic flow. Roughly speaking, A(7y) measures the hyperbolicity of

the dynamics experienced by : a large value of A means that at some point near time zero, y turns with an
angle significantly different from 7 at a cone point. Formally,

S0

: |0(y,c”)|—7 |9("/7C+)|—‘n’ .
min { max{so.c T}’ max{so.cT ] otherwise,

{lg('y’c)l_ﬁ if there exists ¢ € (—sg, S9) such that |[0(vy,c)| — 7 > 0,

where 25 is less than the minimum distance between cone points, (7, t) is the turning angle of v at time ¢
(see [CCE™23, Definition 2.3]), and ¢~ < 0 and ¢* > 0 are the most recent times that y(c™) and y(c*) have
hit a cone point and turned with angle strictly greater than 7. (Naturally, we understand ¢ in equation (1)
as limits to —oo or +o0 if no such ¢~ or ¢* exist, respectively.)
Here we note the key properties of A we will need:

® Nier 9tA™1(0) = Sing ([CCE*23, Cor 3.5]).

e )\ is lower semicontinuous ([CCE"23, Lemma 3.8]).

e The following holds due to the definition of A (see (1)) along with the analysis of [CCE*23, Propo-

sition 3.9].

Lemma 2.4. ([CCE*23], Proposition 3.9) If A(x) > ¢ > 0, then either:

(1) There exists t € (—So,S0) such that x turns at t with angle at least csg, or

(2) There exist t; € (—52, —s0] and ty € [so, 52) such that x first turns at t; and t» with angle at
least csg, where 8y depends only on the geometry of S.

Geodesics not in Sing are regular, and the value of A measures their regularity:
Definition 2.5. For all ¢ > 0, let
Reg(c) :={y € GS | A(7) > ¢}.
As we will see below, for many of our arguments about geodesic segments, only their level of regularity
at the beginning and end are important.

Definition 2.6. Let C(c) = {(z,t) € GS x R | A(z) > ¢ and A(gix) > c} be the set of orbit segments with
large values of A at their beginning and end.

D505 is the boundary at infinity of S (see [BH99, §IL8]). If ¥ € G, then 5(£oc) are its forward and
backwards endpoints at infinity. Geodesics that share an endpoint at infinity either bound a flat half-strip
or are asymptotic in the following sense:

Definition 2.7. We say that geodesics 71,72 € S are x-cone point asymptotic, where x € {+,—}, if
A1 (*00) = Ao (*x00) = & and there is a cone point p such that the ray defined by p and & is contained in both
Y1 and 7.
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2.2. Geometric lemmas. It is useful to relate dgg to dg, the metric on the surface itself. First, if two
geodesics are close in GGS, then they are close in S at time zero.

Lemma 2.8 ([CLT20a], Lemma 2.8). For all v1,7v2 € GS,

ds(71(0),72(0)) < 2dgs (71, 72)-

Furthermore, for s,t € R, dg(y1(8),v2(t)) < 2das(gs71, 9e72)-

Conversely, if two geodesics are close in S for a significant interval of time surrounding zero, then they
are close in GS:

Lemma 2.9 ([CLT20a], Lemma 2.11). Let € be given and a < b arbitrary. There exists T = T(e) > 0 such
that if ds(71(t),v2(t)) < e/2 for allt € [a—T,b+T], then das(giv1,9t72) < € for allt € [a,b]. For small ¢,
we can take T(e) = —log(e).

We will need a few refinements of Lemma 2.9 throughout the paper, which we record here.

Lemma 2.10 ([CCET23], Lemma 2.13). Suppose that ds(v1(t),v2(t)) = 0 for all t € [a,b]. Then, for all
t € [a,b], das(gim, giye) < e 2mindlizabli=ol,

For ¢t > 0, the time-t geodesic flow is e?-Lipschitz (see, e.g., [CCE*23, Lemma 2.14]). The next two
lemmas give similar results in specific geometric situations.

Lemma 2.11. Suppose that ~v(t) = n(t) for allt <r for some r € R. Then there exists C := C(r) > 0 such
that das(g:v, gim) < Ce?tdgs(v,n) fort <0. If r >0, then C = 1.

Proof. By definition, for appropriately chosen lifts 4 and 7,

das(g9iy,9:m) = / 672‘S|d§(’7(5 +1),7(s + 1)) ds.

— 00

= [ i), a(s)) ds

By our assumption on ~ and 7,

:/“gmﬂ%wwﬁ@Ms

< emax{—47‘70}€2t / €—2|3|d§(7§/(3), 77(8)) ds

T

_ emax{74r,0}e2thS (,77 77) 0
Lemma 2.12. Suppose that v(t) = n(t +0) for allt > r for somer € R. Then there exists D := D(r,0) > 0
such that dgs(giy, 9in) < De=2dgs(v,n) + 28 fort > 0.

Proof. Observe that there exist lifts 7,7 of v and 1 such that
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dess (909, 9¢77) = / 1ol (3(s + 1), (s + £)) ds

< /, =2t (3(s), (s + 6)) ds + / " et (i(s + 8), i(s)) ds

— 00

= / elesftldg(’y(s),ﬁ(s—|—5))ds—|—/ e 255 ds

o0 — 00

e_2|8_t|d§( (s),7(s+0))ds+ ¢

I
P
8 3

R

< / e A5 d o (3(s + 8),7i(s + 8)) ds + 26

r+40
= [ ey n(s) ds+ 25

r+0
< emax{4r,0} 208 —2t / e—2lsldg(§/(s)7 7(s)) ds + 26

— 00

_ emax{47"70}62|6|e_2th§(5’> ﬁ) + 2. )

Note that in the sense of Definition 2.7, the geodesics in Lemma 2.11 are (a special case of) —-cone point
asymptotic, and those in Lemma 2.12 are 4-cone point asymptotic.

2.3. Local stable and unstable sets. The local stable and unstable sets, analogues of the local stable and
unstable manifolds from the smooth setting, play an essential role in our arguments. We define them here
using Busemann functions.

Definition 2.13. [BH99, Definition 8.17] For a geodesic 4 € GS, the Busemann function determined by 5
18

B5(+) := Bs(0)(, 7(+00)),
where By ) (-, 7(+00)) : S — R is the function
2 Jim (dg(5(0) )
Using this, we can define natural analogues of the local stable and unstable manifolds.
Definition 2.14. We define the local strong unstable set at v € GS by
W (v,8) = n{ij € GS | i(—00) = 7(~00), B_5(i)(0)) = 0, and dg5(7,7) < 6},

where 7 : GS — GS is projection.
The strong unstable set at v € GS s

W*(y) = n{fj € GS | fj(—00) = F(—00), B_5(7j(0)) = 0}.

The (local) strong stable set is defined similarly, replacing —oo with 400 and —4 with 4. We will also
need the local center stable set, which is defined to allow some “mismatch of times”.

Definition 2.15. The local center stable set at v is defined by
We(y,8) = n{ij € G | ij(+00) = F(+00) and dg5(77,7) < 8}

The stable and unstable sets are invariant under the geodesic flow. We prove this here for the local strong
unstable, as we will need it later. Similar proofs for the stable and center stable can easily be obtained in
the same way. We begin with some comparison geometry lemmas.

Lemma 2.16. Let 7,7 € GS with 7j(+00) = 5(+00) = €. Fiz 7 > 0. Then,

|d5(71(0),7(t)) — (dg(7(0), () + dg(n(7), (1)) = 0 as ¢ — oo
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Proof. Since 7(+00) = (400), there exists C' > 0 such that dg(3(t),n(t)) < C for all t > 0. Consider a
geodesic triangle A with vertices 7(0),7(t), (t) for t > 7. Pick a point p on the side [}(0),7(t)] such that

dg(7(0),p) 7

dg(n(0),5(t) ¢
By the properties of similar triangles for the comparison Euclidean triangle for A and the fact that S is
CAT(0),

() d5(i(7),p) < O
Then, using the triangle inequality for various triangles,
[d5(71(0),7(7)) = dg(71(7), P+ [d5 (7(7), 7(t)) —dg (1)), p)] < d5(71(0),7(t)) < dg(71(0), (7)) +d5((7), ¥(t))
Combining the above inequality with (2) gives the statement. (]
Lemma 2.17. Let 7,7 € GS with 7j(+00) = 5(+00). If B5(77(0)) = 0 then By_5(g-7(0)) = 0 for all .
Proof. Using Definition 2.13,

0 = B3 (i(0)) = Jim (d3(7

(0
= hm (d (7(0),7(7)) + dg( (T),’y(t) —t) by Lemma 2.16
)

=l (r-+ sl 0. 0.3(¢ =) 1)
= lim (ds(g.7(0),9:7() = v) = By,(9-71(0). :

Corollary 2.18. Let 7,7 € GS with fj(—00) = F(—00). If B_5(7(0)) = 0 then B, (=) (g-7(0)) = 0 for all

T.

Corollary 2.19. Let v € GS. Then
gr(W"(7,8)) C W*(gr7,€°78)  for 7>0

and
gr(W*(v,6)) C W"(grv,0)  for 7<0.

Proof. If 1j(—00) = ¥(—00) then g,7(—00) = ¢g;7(—00). Moreover, by Corollary 2.18, if B_5(7(0)) = 0 then
By (~5)(9:1(0)) = 0. To complete the proof, we just need to bound the distance from g.7.

Let v € GS, and let n € W*(,4). Since 4(—00) = 7(—00), we know that d5(5(t),7(t)) remains bounded
as t — —oo. By convexity of the distance function, it is decreasing as t — —oo and bounded above by ¢ for
t < 0. Therefore, for 7 < 0, we have

oo

%a%m%wzj'eﬁm%mu+ﬂﬁu+ﬂMt

— 00

S/ e *Mag(i(t), 3(1)) dt
= Gg(ﬁaﬁ/)
Hence,
g-(W¥(7,8)) € W(g,v,08) for 7<0.
Finally, if 7 > 0, using that g, is e27-Lipschitz,
das(gmn, 9-7) < e*Tdgs(n,v) < €*76.

Thus, we obtain the desired statement. O

The following lemmas and corollaries make the relationship between our systems and nonuniformly hy-
perbolic systems evident.
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Lemma 2.20. For any ¢ > 0, there exists 6 > 0 such that for every v € Reg(c) the following holds. If
1 € W¥(5,98), then ¥ and 1 are —-cone point asymptotic, and if 7 € W(5,0), then ¥ and 7 are +-cone
point asymptotic.

Proof. Since v € Reg(c), by [CCE123, Proposition 3.9], 4 turns with angle greater than 7 at some p € S.
By [CCET23, Lemma 3.8, Case 1], there exists § > 0 small enough so that 7 passes through the cone point
p [CCET23, Figure 2|. Now, [BH99, Proposition 8.2] tells us that there are unique geodesic rays from p that
are asymptotic to 4(+o0) and 4(—o0). This completes our proof. O

Lemmas 2.20 and 2.11 combine to give us the following corollary.

Corollary 2.21. For all ¢ > 0, there exist 6,C > 0 such that for all v € Reg(c), we have the following
property. For all n € W"(~,6), for all t <0,

das(gev, gim) < Ce*tdas(v,m).
Similarly, Lemmas 2.20 and 2.12 combine to give us an analogous corollary on center stable sets.

Corollary 2.22. For all ¢ > 0, there exists dg, D > 0 such that for all v € Reg(c), we have the following
property. For alln € We(v,d) with 0 < § < &g, for allt >0,

das(g+7, 9:m) < D6.

We noted above that the function A : GS — [0,00) is lower semi-continuous. On local strong unstable
sets we in fact have full continuity.

Proposition 2.23. Let \: GS — [0,4+00) be as in equation (1) with parameter sg, and let v € GS. Then
for all € > 0 there exists 6 > 0 such that for all £ € W¥(v,6), we have |[A(y) — A(&)] < e.

Proof. Assume that v € Reg(c). Then, we have two possibilities:

(1) There exists u € (—sg, Sp) so that v turns with angle larger than 7 at the cone point v(u).
In this case, A is continuous at v by Case 1 in [CCET23, Proof of Lemma 3.8] so we have the
statement if we only consider £ € W (v, ).
(2) There exist u; € [—%, —so] and ug € [80, %] such that v has turning angles at least csg away from
+7 at y(uq) and y(u2).
Following Case 2 in [CCET23, Proof of Lemma 3.8], for sufficiently small § (depending on & and
S), v and & share the segment «[uy, us]. Moreover, since £ € W¥(~, §), they actually share v[—o00, us)
and v(0) = £(0). Thus, for such a choice of 4, v and & first meet cone points with turning angles
larger than 7 at the same positive and negative times, turning at those times with close angles as
can be seen in Case 2 of [CCE23, Proof of Lemma 3.8]. Thus, using equation (1), [A\(y) —A(§)| < e.
Assume that A\(y) = 0. Then, by [CCE"23, Proposition 3.4], either A(g;y) = 0 for all ¢ < 0 or for all
t > 0. Therefore, we have the following possibilities:
(1) X(gry) =0 for all £ <0 (so vy does not turn with angle larger than 7 on y[—o0, 0]), and there exists
u > 0 such that « turns with angle larger than 7 at y(u) and has turning angles +m on [0, u).
In this case, for sufficiently small § (depending on v and ¢), £ € W*(~,d) has to pass through
v(u) and turn with angle close to the turning angle of v at v(u) by [CCE*23, Lemmas 2.11 and
2.14]. Moreover, since £(—o00) = y(—o0) and B_5(£(0)) = 0, we have £(t) = ~(t) for t < u. Thus,
v and £ see the same first cone point at the same time and turn with close angles so A(§) and A(y)
are close.
(2) A(gey) =0 for all t > 0 (so v does not turn with angle larger than = on [0, cc]), and there exists
u < 0 such that « turns with angle larger than 7 at «(u) and has turning angles +m on ~y(u, 0].
By choosing ¢ small enough (depending on v and ¢), we can guarantee that for £ € W*(y,d) we
have that £(t) = y(t) for t < wand & does not turn with angle larger than 7 on & (u, 2 max { /\52‘27) , %0 }] .
Then, [A(§) — A()] < =.
(3) A(gry) =0 for all ¢ (so v does not turn with angle larger than 7 at any point).
If 4 is in the interior of a flat strip of S, then for sufficiently small 8, € is also in the interior of a
flat strip of S for & € W*(v,d). Thus, A\(€) = 0.
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If 4 is not in the interior of a flat strip, then 4 passes through cone points but turns with angle
+7 at those points. If A(§) = 0 there is nothing to show. If there exists u > 0 such that y(u) is a
cone point, then for sufficiently small §, £(t) = v(t) for ¢ < u so A(§) = 0. Assume that A\(§) > 0
and (0, +00) does not contain cone points. Let v < 0 be the closest number to 0 such that ~y(u)
is a cone point. Then, by taking sufficiently small d, we can ensure that £(t) = «(¢) for t < u and
¢ turns with a small angle at (u). Specifically, we can ensure that % is less than €. Then,

IAE) =AM <e. 0

Corollary 2.24. Let \: GS — [0, +00) be as in [CCE"23, Definition 3.3] and v € GS. Then, for any a > 0
andt € R, Ao g¢|wu(y,q) s continuous.

Proof. Let a > 0 and ¢ € R. Then g;W"(v,a) C W*(g¢y, e*'a) by Corollary 2.19. Consequently, A|g,wu(y,q)
is continuous by Proposition 2.23. a

2.4. Bowen brackets and their behavior.
Definition 2.25. Let § > 0. Consider v,n € Reg such that dgs(y,n) < 6. We define the Bowen bracket as
[v,n] :== W (y,0) N W"(n,d).

Definition 2.26. Let § > 0. Consider v,n € Reg such that dgs(v,n) < 6. We define the su-Bowen bracket
as

<77 77>su = Ws(’)/a 5) N W“(’Iv 5)

Remark. Note that if either of these brackets contains a regular geodesic, then that bracket consists of a
single geodesic, as otherwise, we would have two geodesics &1,&y with & (£o0) = &a(+o0). This is only
possible if & = gi€a for some t; however, this would contradict both & and & belonging to W*(n, 9).

A priori, [y,n] and (vy,n) might be empty. But using our A, we can precisely describe situations where
these brackets exist and consist of a single, easily described geodesic.

Lemma 2.27. Let ¢ > 0. Suppose x is chosen with A(g—s,x), AN(gsox) > c. Then there exists § := 6(¢) > 0
such that if v € W% (x,6),n € W3(x,0), then {v,n) = &, where £(r) = v(r) for r > 0 and £(r) = n(r) for
r <0.

Proof. First, if A(gs,x), A(g—s,z) > ¢, then the first cone points x turns at are at times —2sg — % <t; <0
and 0 <t < 259 + % and with angle at least sgpc by Lemma 2.4. Then choose § small enough so that given
y with dgs(y,z) < d, then y turns at z(t;) and z(t2) with angle at least *3¢. In particular, if v € W"(z,0)
and n € W#(x,¢), this implies that v(r) = n(r) = x(r) for r € [t1,t2], which in turn guarantees that £ as
constructed is a geodesic. Furthermore, we have dgs(€,7) = das(n, z), and similarly dgs(€,n) = dgs(y, x).
Finally, by our choice of §, {v,7n) consists of a unique geodesic, because ¢ is bounded away from a flat
strip. (|

Corollary 2.28. Assume we are in the setting of Lemma 2.27. Then, dgs(&,x) = dgs(x,v) + das(x,n).
Proof. Straightforward from the definition of dgg and &. O

Corollary 2.29. Assume we are in the setting of Lemma 2.27. Given £ = (7, n), then A(g-§) > 2(3“’%0)
S0 brs
for —so <1 <59

Proof. Recall that by our choice of §, £ first turns at a cone point at times — (250 + g—g) <t <0<ty <

2s¢ + %, with turning angle at least <%. We will use below the definition (1) of A. Observe that since {

turns with angle at least CSTO at both ¢; and 9, we have

CSQo

() > 2

> CSp
max{|t1|,|t2\,so} ) (230+ %)

If we let r € [—s0, So] and consider g,£, there are three possibilities. We could have t; —r < 0 < t3 —r, in
which case g, first turns at a cone point at times t; —r < 0 < ¢z —r, and it turns with angle at least <52,
9



orty —r >0orty,—r <0. In the first case, then

CSo CSo
Agr€) > > .
9r8) 2 Sl — 71, oo — 71,50}~ 2 (250 + & 1)

In the second case, t; —r € [0, 59), and so g,§ turns at a cone point with angle at least < at some time less
than so away from 0. Thus, A(g,§) > §. The analysis for the third case is similar. O

2.5. Rectangles and flow boxes. We now exploit the local topological product structure of GS to build
rectangles and flow boxes. A rectangle is a transversal to the flow direction with ‘rectangular’ structure given
by stable and unstable directions, and a flow box is a rectangle thickened in the flow direction by a small
amount. We now construct these sets at small scale around regular geodesics and prove a few properties of
their geometry.

Definition 2.30. Let x and 6 be as in Lemma 2.27. We then define an su-rectangle centered at x with
diam(R,(€)) < 4e < § in the following way:
(3) Rﬂ?(‘e) = {<7a77>5u‘7€ Wu(x7€)777 € Ws(x7€)}'

Notice that for e < so (in particular, smaller than the injectivity radius of S) we have R, () is a transversal
to the flow. That is, for any v € GS within € of Ry(€), gj—s¢5q7 N Re(€) is either empty or a single point.

Lemma 2.31. For e < §/4, the su-Bowen bracket is defined and equal to a single geodesic on any pair of
geodesics in Ry ().

Proof. Let y,z € Ry(e). Then, y = (vy,my)su and z = (7:,7.)su Where 7,7, € W"(x,¢) and 7,7, €

W#(z,¢e). By Corollary 2.28, dgs(z,y), das(x, z) < 2e < § and so y(r) = z(r) = z(r) for r € [t1,t2] for t1,ta
as in Lemma 2.27. Thus, (y, 2)su = (Vy,Mz)su € Ra(€). O

Lemma 2.32. Given a rectangle Ry (c), there exists tp := tr(c) such that for all (v,n)su € Ry(e) and
t> tR7

Mgty msu) = Mgey) and Mg—¢(v,m)su) = AMg—en).

9 . . . . .
Proof. Choose tg > 2sg + Qmin{/\(g%;”(gisox}, where, again, x is the point at which R, () is centered.
The proof of Lemma 2.27 gives us that for any (v,n)s, € Rs(€), then v and (7y,n)s, turn at the same first
cone point with the same angle, and that that cone point occurs in the interval (0,tr). Furthermore, by
Lemma 2.27, for any (v,m)sy € Rz(€), 9tr {7, M) su(t) = gz (t) for t > —tg. Therefore, gi, (v,n)su and gep7y
agree at least up to the first cone point in negative time and for all cone points in positive time, and so

M Gtatn (VM su) = A(ge4tp7y) for all £ > 0. A similar proof holds for n by reversing the time direction. O

Definition 2.33. Let R,(c) be as in Definition 2.30. For n € N such that n > %, we call By(n,e) =
91 i](Rx(e)) the (n,e)-flow box centered at x.

Lemma 2.34. There exists ng = max {%, 5}, such that for all m > ng, the Bowen bracket |-, ] is defined on
any pair of geodesics in By(n,e) as in Definition 2.33.

Proof. Let y,z € By(n,e) then y = g; (7, My)su and 2z = g¢ (2, M2)su for 7,7, € W¥(x,¢), ny,n. €
W*(z,¢), and t,,t, € [—%, %L] We claim that [y, 2] = g1, (Vg 02) su-
We have

dGS(gtz (’Yya 772>8u7 y) = dG’S (gtz <’Y’t/7 772>sua gty <'Yy; 77y>su)

+oo
S/ dg (Vs 02)su (), (Vs M) su () e 21700 at 1 |8, — ¢,

0
/ dg (m=(t),ny(t)) e 2=t gr 4 Its — ty

IN

2 2
er (das(n:, ) + dgs(y,2) + -

IN

2 2
en2e+ — < 6.
n
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Similarly,

+oo
A5 (9o (Vg M )ous 2) = / d (ry(£), 72 () 2= dt
0

< eIt (das(vy, ) + das(vz, ) = en2e <8
Thus, by the construction, we have that g;, (vy,7:)su € W (y,d) N W*(2,6). Moreover, it is regular, so
[yvz] = gtz <'7y;772>su D

We record a Lemma here which we will need later.

Lemma 2.35. For almost every small e, (B (n,e) \ Int B, (n,e)) = 0 for all n large enough (depending on
the injectivity radius).
Proof. The boundary of B,(n,¢) is the union of three pieces. The first two are g, 1 R.(¢). Since p is gs-

invariant and for all small ¢, g, 1 4+Ra(e) are disjoint, these boundary portions must have zero measure, or

else p will have infinite total mass.
The third piece is 9 ]BRw(s). If for a positive measure set of small € (indeed, even if for an uncountable

1 1
n'n

set of small & these have positive measure) again p will have infinite total mass. (Il

3. DYNAMICAL RESULTS

Definition 3.1. Given v € GS,
e The stable Bowen ball of length n and radius ¢ is

By (v,e) == {n € W*(v,e) | das(gtv, 9im) < € for —n <t <0}
e The center stable Bowen ball is

By (7v,€) == {n € W(v,¢) | dgs(giy, gim) < € for —n <t <0}
e The unstable Bowen ball BY (v,¢) is defined similarly:

By (7v,e) :={n € W"(v,e) | das(gey, gtn) < € for 0 <t < m}

except the shadowing occurs over the interval 0 <t < m.
o The two-sided Bowen ball is

B pm)(7,€) == {n € GS | das(g+7,9n) < € for —n <t <m}.
We will also use the following notation By(,¢) := Bjo4(7,€).

3.1. The global Bowen property. The Bowen property for a potential plays a key role in many of the
techniques used for studying thermodynamic formalism of systems with some hyperbolicity.

Definition 3.2. A potential ¢ : GS — R has the global Bowen property if there is some € > 0 for which
there exists a constant K > 0 such that for all x,y € GS and t > 0

t
Sup{ /O ¢(grx) — dgry) dr| : das(grz, gry) <€ for 0 <7 < t} < K.

In [CCE™23], we proved a non-uniform version of the Bowen property for any Holder potential ¢, which
we state explicitly below (Proposition 3.5). In this section we provide an argument which upgrades this non-
uniform Bowen property to the global property for Hélder ¢ that are locally constant on a neighborhood of
the singular set, using properties of A. Using the A-decomposition machinery we have developed already, the
proof here is relatively short, and may be useful in other settings that use a A-decomposition.

Before providing that proof, however, we note that it is possible to leverage the particularly nice geometry
of S to prove the global Bowen property without invoking the A-decomposition machinery. The heart of the
argument lies in studying the geometry of Bowen balls and how they interact with cone points. The figures
below provide two illustrative examples of the possible geometry.

Working in the universal cover, let H be the convex hull of the union of the balls of radius ¢ around #(0)
and Z(t). Any geodesic § in B(Z,€) must traverse H. If [Z(0), Z(¢)] contains no cone points, for r € [T,t—T)
where T is as in Lemma 2.9, g,% is close to Sing and the fact that ¢ is constant near Sing can be used to
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FIGURE 1. In this figure and the next, the balls of radius € around Z(0) and Z(¢) are shown,
and the dashed lines show the boundary of their convex hull H. In the case shown here, the
boundary of H intersects x in two disjoint intervals.

FIGURE 2. In this case, the boundary of H intersects « in [(1, Cx].

prove the bound on | fg d(grx) — ¢(gry) dr|. Otherwise, the cone points on [Z(0), Z(¢)] have a strong impact
on the geometry of H — its boundary must pass through any cone points on [Z(T), Z(t — T)]. Figures 1 and
2 show two possible ways this can happen (cone points are marked by ¢;). In Figure 1, one can construct a
singular geodesic 4 through H and very near to both & and ¢ using the cone-point-free ‘line of sight” between
the e-balls around #(0) and Z(¢). Using again that ¢ is locally constant near Sing, the desired bound follows.
In Figure 2, no such line of sight exists. But as § traverses H between B.(£(0)) and ¢; and between (j, and
Z(t) there are clear lines of sight and nearby singular geodesics. Between ¢; and (, Z and § must overlap.
Then Lemma 2.10 proves (after a small reparametrization) ¢,.& and g,§ are exponentially close, and the
Holder property of ¢ can be used to complete the result.
We now prove the global Bowen property using the A-function.

Lemma 3.3. (compare to [BCFT18, Proposition 3.4]) If X is lower semicontinuous, then for all § > 0, there
exist ¢ >0 and T > 0 such that Zf Mgex) < c fort € [-T,T), then dgs(z,Sing) < 4.

Proof. For all ¢ > 0, let A(c) = {z € GS | A(g1z) > ¢ for some t € [=1, 1]} Notice that by definition,
Afeg) C A(er) if 0 < 1 < ea.

We will show that A(c) is open using lower semi-continuity of A. Let x € A(c), and suppose that
A(g=x) > ¢ for some t* € [—c~1, c71]. Using lower semi-continuity, let €; > 0 be chosen small enough so that
Ay) > ¢ whenever y € B(g4+z,€1). By continuity of the flow, let e, > 0 be chosen such that if y € B(z, €2),
then g~y € B(gi=x,€1). Then B(z,e2) C A(c), and so A(c) is open.

By [CCE*23, Corollary 3.5], Sing® = |J A(c). Consider K = {z € GS|dgs(z,Sing) > §}. {A(c)}eso
c>0

is an open cover for the compact set K. Thus, there exists a finite subcover {A(c;)} =1, & for K. Let
c¢=min{cy,...,c,}. Since A(c;) C A(c) for j =1,...,k, we find that K C A(c) and the lemma holds. O

Recall that C(c) is the set of orbit segments with A > ¢ at their beginning and end (Definition 2.6).

Definition 3 4. Given a potential ¢ : GS — R, we say that ¢ has the Bowen property on C(c) if there is
some € :=g(c) > 0 for which there exists a constant K := K(e,c¢) > 0 such that

Sup{’/ P(grz) — ¢(gry) dr| : (z,t) € C(c) and dgs(gry, grx) < € for 0 <r < t} <K.

Proposition 3.5. Any Hélder ¢ : GS — R has the Bowen property on C(c) for all ¢ > 0.
12



Proof. This is proved in §6 of [CCE*23]. In that paper, we prove the Bowen property for a collection of
orbit segments G(¢) which is smaller than C(c); segments in G(c) have average value of A greater than ¢ over
any initial and terminal segment, not just at times 0 and ¢. However, the proof only uses the values of \ at
x and gyz, and hence applies to C(c). |

We now update this non-uniform result to the global Bowen property under the additional assumption
that ¢ is locally constant on a neighborhood of Sing.

Proposition 3.6. If A is lower semicontinuous and ¢ is locally constant on B(Sing,d) for some § > 0, then
there exists ¢ > 0 such that if ¢ has the Bowen property on C(c), then ¢ has the global Bowen property.

Proof. Suppose that ¢ is constant on B(Sing, §) for some § > 0. Let ¢ and T be as in Lemma 3.3 for 6= %
Furthermore, assume ¢ has the Bowen property on C(c) for all € < eg. Let © € GS, let € < min{d/2, €0},
and let t > 0. Suppose that dgs(gsy, gsz) < € for 0 < s < t.

We have four cases to consider, beginning with a trivial one.

Case 0: t < 2T.
Trivially,

d(gsy)| < AT,

where ||¢|| is the maximum value of |¢>|
Henceforth we can assume ¢ > 27"
Case 1: \(gsz) < c for all s € [0,1].

By Lemma 3.3, for s € [T,t — T], we have gsx € B(Sing,d/2). Since y € Bi(z,€) and € < §/2, gsy €
B(Sing, d) for s € [T,t — T]. Then as ¢ is locally constant on B(Sing, ),

/ P(gsz) — pgsy)ds| < 4T|||

as ’fT gsT) — qﬁ(gsy)ds‘ =0.

Henceforth, we can assume A takes on a value greater than or equal to ¢ at some point along the orbit
segment (x,t). Let t; = min{s > 0 | A(gsx) > ¢} and to = max{s < t | A(gsx) > c¢}. If t; = to, then the
simpler version of the estimates below work, so we assume t3 > t;. Then (g, z,t2 —t1) € C(c). Furthermore,
for all s € [0,¢1] U [ta,t], we have that A(gsx) < ¢. The proof is completed by applying our final two cases to
the intervals [0,¢1] and [t2,t] as appropriate.

Case 2: t; < 2T and t —ty < 2T
We present the situation where both of these inequalities hold. Applying the non-uniform Bowen property
(Prop 3.5) for (g, x,t2 — t1), we have

ta
P(gsx) — d(gsy)ds| +

ty

t1 t
P(gsy)ds ’/ P(gsz) — P(gsy)ds| + t P(gsz) — ¢(gsy)ds

<AT|o|| + K + 4T o,

where K is given by the non-uniform Bowen property.

Case 3: t1 > 2T ort —ty > 2T.
We present the argument in a situation where both of these hold as, otherwise, we can use an estimate

as in Case 0 for ‘fotl d(gsx) — d(gsy)ds| or ‘fttz d(gsx) — #(gsy)ds|. By Lemma 3.3, for s € [T,t; — T, we
have gsx € B(Sing, g), and similarly for s € [to + T, ¢ — T]. Then if y € Bi(z,€), because € < 4/2, it follows

that gsy € B(Sing,0) for s € [T,t; — T] and s € [ta + T, t — T]. Therefore, because ¢ is locally constant on
13




B(Sing, ), we have that

ty

T
B(gsw) — d(gsy) ds| < /O é(gsx) — d(gsy) ds| +0 +

ty
| oo = ola) ds| < 4T]ol.

0

Similarly, we can bound

< ATl|o]-

t
t P(gsr) — P(gsy) ds

Now, since y € Bi(x,€), g1,y € Bt,—t, (g, %, €). By Prop 3.5, there exists K > 0 (independent of z,y,t1,t2)
such that

K> P(gsy) ds

/0 T b(s(902)) — Bgs(gny

Combining this with our previous inequalities, we have

/Otfb(gsz) ¢(gsy) ds ’/ d(gsx) — Pgsy) ds| + / $(g7) — Slgey) ds| +

<AT([¢l| + K + 4T |9 |-
As our choice of T and K were independent of x, ¢, and y, this implies the Bowen property. O

/ P(gsz) — ¢(gsy) ds

3.2. Upper and lower Gibbs properties.

3.2.1. Lower Gibbs. One of the results of [CT16] shows that for any system satisfying the conditions of
[CT16, Theorem A], the unique equilibrium state has a type of lower Gibbs property. In [CCET23], we
showed that in the setting of Theorems A and B with ¢ Hdélder continuous and locally constant on Sing,
(GS, g, 11, @) satisfy conditions sufficient to apply [CT16]. In particular, we show that the set of orbit
segments C(c) := {(z,t) | Mx), A(grx) > c} satisfies the specification property at all scales in the proof of
[CCET23, §4 and §5]. Consequently, we have the following corollary.

Corollary 3.7. Let (GS,u,g:) be as in Theorems A and B, and let ¢ be Hoélder continuous and locally
constant on Sing. Then u has the following lower Gibbs property for a collection of orbit segments.

Let p,n > 0. If {(x;,t;)} is a collection of orbit segments in GS %[0, 00) such that for all i, M(x;), N(gs, x;) >
n, then there exists a constant Q2(p,n) depending only on p and n such that for all i,

1(Be, (1, p)) > Qa(p, e T @+ s" dlawai) s
This gives us the following useful result.
Corollary 3.8. Let (GS, u, g;) be as in Theorems A and B. Then u(A=1(0)) = 0. In particular, 1(Sing) = 0.

Proof. Let € GS be such that A(z) > 0. Then, because A is lower semi-continuous, there exists a ball
B(x, p) such that A|g(y,,) > 0. As the lower Gibbs property tells us that u(B(x,p)) > 0, this implies that
p-a.e. y € GS visits B(z, p) infinitely often in both forwards and backwards time. Thus, for almost every

A(y) # 0, as if A(y) = 0, then A\(g:y) = 0 either for all ¢ > 0 or all ¢ < 0 [CCE23, Proposition 3.4]. As
Sing € A71(0), it follows that u(Sing) = 0 as well. O

3.2.2. Upper Gibbs. The upper Gibbs bound is improved from [CT16] by our proof that ¢ has the Bowen
property globally.

Proposition 3.9. Let (GS, i, g;) be as in Theorems A and B. Then, p has the upper Gibbs property. That
is, for all p > 0 sufficiently small, there exists Q := Q(p) > 0 such that

w(By(z, p)) < Qe P @F]5 dlgsw)ds,

Remark. We note that the upper bound on p is less than half of the injectivity radius of S (see [CCET23,
Lemmas 2.16 and 2.17]) and small enough that ¢ has the Bowen property.
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Proof. Because in our setting we have specification at all scales [CCET23, §5], applying [CT16, Proposition
4.21], for all sufficiently small p > 0, there exists Q' > 0 such that

—tP(¢)+ sup ] ¢(gsy) ds(y.t)
w(Be(z,p)) < Q’e YEB¢(w,p) ]

Since ¢ has the Bowen property at scale p by Proposition 3.6, we have that

sup / o(gsy) ds(y, 1) < K + / $(g1) ds(z, 1)

yEB:(z,p)
Thus, it follows that
u(Bi(,p)) < Qe POy dlam)dstet),
([l

3.3. Local product structure for equilibrium states. A key tool in our proof of the Bernoulli property
for (GS, gt, 1) is local product structure of the equilibrium measure p. Roughly speaking, the stable, unstable,
and flow directions provide a topological product structure near any regular geodesic. The equilibrium state
w has local product structure when it is absolutely continuous with respect to a product measure built using
this topological local product structure (see Definition 3.27 for the precise definition).

As usual, the non-uniformly hyperbolic nature of our system only allows us to prove this structure near
regular geodesics, with the constants involved depending on the level of regularity.

Our approach to the proof follows that of [Cli23], in which Climenhaga shows that the Gibbs property can
be used to deduce local product structure for Anosov diffeomorphisms. Our modifications to Climenhaga’s
scheme revolve around adjusting the argument to flows instead of maps (replacing the stable leaves with
center-stable leaves and using the invariance of p under the flow) and (a much more significant change)
accounting for the non-uniformity of our lower Gibbs bound (Corollary 3.7).

Sections 3.3.1 and 3.3.3 provide, respectively, a technical construction of special partitions related to the
Bowen balls, and preliminary results on Bowen balls and their relation to the topological local product
structure. Section 3.3.4 is the heart of the matter, dedicated to proving Proposition 3.33 and Corollary 3.34.
The local product structure of p follows from these.

3.3.1. Partition Construction. Since the construction below might be of the independent interest, we formu-
late it in a considerably more general setting. Let (X, d) be a compact metric space with the metric d, and
let F = (ft)ier: X — X be a continuous flow. In this section, we construct an “almost adapted” partition of
a compact subset of X with a special property (see Proposition 3.12). We call this partition almost adapted
as each element of the partition contains and is contained in a Bowen ball (see [Cli23, Definition 4.1] for the
definition of adapted partitions). However, in our case the time parameter of the Bowen balls depends on
the element of the partition. We begin with a lemma that we will eventually use to construct our partitions.

Lemma 3.10. Suppose that a set A has the following separation property: for each x € A, there existst, > 0
such that for any x # y € A, max{d(fiz, fry)|t € [0, min{t,,t,}]} > . Then the collection { By, (x,5)}zca
is pairwise disjoint.

Proof. Let x # y € A. Without loss of generality, assume t, < t,. Towards a contradiction, suppose
z € By, (x,5) N By, (y,5). Then, we have

e < max{d(fiz, fry) |t € [0,t.]} < max{d(fix, fiz)|t € [0,t:]} + max{d(fiz, fry) |t € [0,t.]}
< max{d(fiz, frz) [t € [0,¢z]} + max{d(fiz, fry) [t € [0,1,]}

<E4 8
2727 °
which is not possible. Therefore, B;, (33, %) N By, (y, %) = 0. O

Definition 3.11. Let A C X. For T,e > 0 and E C A, we say that E is a (T,¢)-separated subset of A if
max{d(fix, fry) |t € [0,T]} > € for all distinct x,y € E.
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Proposition 3.12. Consider a compact subset K of X. Let A : X — [0,00) be a non-negative function and
assume Ao fy : K — [0,00) is a continuous function for all t € R. Let Ty,c > 0. Further, suppose there
exists k > 0 such that for all x € K, A fry4nrtrx) > ¢ for all |r| < & for infinitely many n € N. Then for
all e > 0, m € N there exists a finite partition &,, of K such that for each A € &,,, there exist x € K and
t > To + mk with A\(fe4rx) > ¢ for r € [—k, k] and

KN B (:v%) C AC KN By(z,e).

Further, for alln € N, we can choose (x,t) so that N(fr,+r;xT) > ¢ forry <rg < -+ <1y with ri4q —1; > 2
and t > Ty + rpk.

We call the partitions &, given by Proposition 3.12 almost adapted.

Remark. The essence of what we want from the points x in this proposition is that their orbits continually
return to {x € X | A(z) > ¢} and hence experience the hyperbolicity of the flow. The precise conditions on
x in this proposition (in particular, remaining in {x € X |X(x) > c} over the interval [t — k,t + K]) are
imposed to make later arguments slightly simpler (in particular, allowing us to remove some cases from a
future argument). However, as we note below in Lemma 3.14, while the condition we impose on x may seem
complicated, it is not too difficult to check.

Proof. Let T = Ty + mk. First, we define Ky := {x € K | A(fr4rz) > ¢ for |r| < k}. We note that Kj is
compact using the facts that Ao fr is continuous and K is compact. Additionally, for each x € K and ¢ € N,
let ¥;(z) be the number of p € N such that both Ty + px < T + ik and A(fr,+pxx) > c. Then, defining
Fy = {.’L‘ € Ky | \If()(l') > n},
we have that Fp is compact, as the set {x € K | ¥y(z) > n} is compact (it is a finite union of compact sets).
Let Ay be a maximal (T, e)-separated subset of Fy that exists because Fj is compact. Then, for all i € N,
we define K; and F; inductively in the following way. We set
i—1
K; = {2 € K | Mfryinsrz) > cfor [r| <s}\ | J | (KN Briju(a,e)),
j=0xzcA,
let
F,:={z e K; | V;(z) > n},
and let A; be a maximal (T + ik, ¢)-separated subset of F;. We note that F; is compact for all i € N so 4;
exists. Observe from this construction that {Bri.(z,e) |0 < i < N,z € A;} is an open cover of UZN:O F;, as
otherwise, there would be some 0 <4 < N and y € F; for which A; U {y} is (T + ik, €)-separated. Since for
all z € K, A(fr4+isx) > c for infinitely many ¢ € N, there exists some N for which gn(z) > n and so either
re€Fyoraxc Ui]\:)l Ua:eAi (K N Bryis(z,€)). Thus, {Brins(x,e) | n € Nyx € A,} is an open cover of K.
Since K is compact, we can choose a minimal, finite subcover { Brp,x(z:,€)}¥_;. The minimality guar-
antees that z; # x; for i # j.

Claim 3.13. max{d(f;z;, fiz;) |t € [0,T + min{n,,n;}x|} > e fori#j.

Proof. Without loss of generality, we can assume n; < n;. If n; = n;, the claim follows from the fact that
Ay, is (T +n;k, €)-separated. If n; < ny, then x; ¢ By iy, x(2;,€) by construction (as z; € Ky, ), completing
our proof. O

By Claim 3.13 and Lemma 3.10, {Brin,. (2, %)}le are pairwise disjoint. Finally, we construct the
partition &, = {P1,..., P} in the following way by induction. Let P; = Brin,x(x1,€) N K. Then, for

1=2,...,k, we have P, = K N (BT+niK(wia€) \ U;;11 Pj)~ .

Lemma 3.14. Let k > 0, x € X, and suppose there exists a sequence ti, — 0o for which A(fi,+sx) > ¢ for
all |s| < 2k. Then for all Ty > 0, A(fr,+nu+sx) > ¢ for all |s| < k and infinitely many n.

Proof. Let Ty > 0. Then for any t; > Ty, write tx = To + ngk + r for some 0 < r < k. Then, observe that

for all |s| < k, we have that Ty + ngk + s = ¢t + s — r and |s — r| < 2k. By assumption on ¢, we have

completed our proof. O
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Corollary 3.15. Assume we are in the setting of Proposition 3.12. If K has an additional property that
forallz € K, tlim diam (Bi(x,€)) = 0, then there exists an almost adapted partition & of K with arbitrarily
— 00

small diameter.

Proof. Let a > 0 be arbitrary. By Dini’s Theorem, diam (B;(x,¢)) — 0 as t — oo uniformly, because x —

diam By (z, €) is continuous. Then, choose m € N in Proposition 3.12 large enough so that sup diam By (x,¢) <
TEK
« for all t > Ty + mk. O

We have created this partition to have this “almost adapted” property so that we can later obtain good
measure estimates on the partition elements using the Gibbs property. However, because the compact set
K “cuts into” the Bowen balls, estimates can sometimes be more difficult. However, after construction, this
partition can be extended to fill out the inner Bowen balls in the following manner.

Corollary 3.16. Let & = {Ay, -+, A} be a partition constructed as in Proposition 3.12. Then there exists
a partition n = {Bo, B1,- -+, Bn} of X such that for 1 <1i <mn, each partition element B; € n satisfies
€
Bti (,Ti, 5) C B; C Bti(l‘i,&').

Further, in the setting of Corollary 3.15, n can be constructed so that By,--- , By, have arbitrarily small
diameter.

Proof. By construction, { By, (z;, 5)}i-, are pairwise disjoint, and so we can simply construct By := By, (21, €)
and B; = By, (z;,¢) \ U;;ll B;. We then take By = X \ |J;_, B;. (See Figure 3 part (a) for a schematic
illustration of this construction.) ]

3.3.2. A refining sequence of almost adapted partitions. We continue in the same general framework as the
previous subsection. In order to estimate conditional measures, we will need to work with a refining sequence
of partitions. However, we need each of the partitions in this sequence to have the adapted property discussed
above, or else we won’t be able to obtain measure estimates on the partition elements. While Proposition
3.12 lets us obtain a sequence of almost adapted partitions with diameter going to 0, they are not refining.
Consequently, constructing such a sequence with both is nontrivial. However, by omitting a subset of
arbitrarily small measure, we are able to construct such a refining sequence.

Proposition 3.17. Assume we are in the setting of Proposition 3.12 and Corollary 3.15, and that p is a
Radon probability measure on X. Then for all € (0, %), there exists a refining sequence {&;}ien of partitions
of X with diam&; — 0 such that there exists E C X with the following properties:

o u(E) > p(K) e,

e Forallz € E, for alli € N, there exists y € X and t > 0 such that A\(fry) > ¢ and

€
Bt (ya 5) C gz(x) C Bt(yag)a
where &;(x) is the partition element of &; containing x.

Proof. Let e € (0, %) be arbitrary. Then let (; = {4, A1, , A, } be a partition constructed as in Corollary
3.16 with diam A; < % for 1 <i < n. (See Figure 3 for a schematic illustration of this whole construction.)

By construction, u(|J;_, A;) > p(K). Further, using lower semi-continuity of A, this partition can be
constructed so that pu(9A;) =0 for 1 < i < n, as 9A; is made up of the boundaries of Bowen balls. Now,
for 1 < i < n, take a compact subset K; C int(4;) N K with measure pu(K;) > (1 —e?)u(A; N K). Applying
results of the previous section, we construct partitions {B§, Bi, ..., Bf, } of each A;, for which each B;- has
the desired adapted property, diam(B}) < max{,d(0A;, K;)}, and u(B{ N K) < e2u(A; N K). We then
define a partition £ of X by

(o :={Ay,B},...,BL ,....By,...,B" }.

mi? mMn

By our assumption on the diameter, we have that (5 is a refinement of (7, as B;: C A;. Further, the only
partition elements without the desired adapted property have measure

W(AgUBYU---UBy) < p(X \ K) + S u(By N K) < 1— p(K) + 3 (A, N K) < 1 - p(K) + 2
=1 i=1
17



A

F1GURE 3. Construction of the refining and nearly-everywhere, almost adapted sequence of
partitions &;. In (a), the partition (; is constructed, following Corollary 3.16. The compact
set K is chosen to provide room between for the Bowen balls in the construction to fit entirely
inside X. The Bowen balls are drawn in dashed lines, and show the almost adapted nature
of (most of) the partition elements {A;,...A,}. Note that, in contrast to the simplified
case of this schematic, the radii of these Bowen balls may vary. In (b), we zoom in and
see the next iteration of the construction. Within each A4; (¢ > 0) Corollary 3.16 is applied
again to build {B!}. The shaded regions are the index-zero elements of the partitions, and
collectively have small measure. In the final step of the construction of &;, these elements
are cut up into small diameter pieces.

We can again ensure that ,u(@B}) = 0 for all 7,j, and to obtain a refinement (3, we repeat this process to
obtain partitions of B; for 1 <7 <mnandj > 1, for which all elements but a set of measure 53/1(3;: NK) have
the desired adapted property with diameter at most %. Consequently, at this stage, the partition elements
of (3 which do not have the adapted property have measure at most

n my
1= p(K)+e*+ ) Y Su(BinK) <1—p(K) +&*+ %,
i=1 j=1
Continuing this process for all ¢ € N, we see that the union of elements in any partition (; without the
adapted property has measure at most

oo
; €
1—M(K)+Zsl:1—,u(K)+5 <1—pu(K)+e.
i=2 l-¢
This proves our result, except for the fact that the diameter of the partitions does not go to 0 on these
“bad” sets. To remedy this, note that because X is compact, we can construct an arbitrary refining sequence
of finite partitions {n; };en whose diameters go to 0. Let ¢%; C (; be the set of good adapted elements of our
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partitions ¢; (i.e., {B} |1 <4 <n,j>1} in the case of (3). Then, writing
&L ={A|AeYU{ANB|Ae(\Y%,Ben}.
Then lim diam¢; = 0 and {&; };en satisfies the rest of our desired properties. ([l

1— 00

3.3.3. Interaction of Bowen balls and Bowen brackets. Throughout this section we use the following nota-
tions. Let 29 € GS be such that A(zo) > 3||A||o, and, using lower semicontinuity of A, let & > 0 be chosen
s0 that A|p(z,3x) = 2A(20). Consider a parametrized geodesic zy € Reg, small enough 6 := §(x) chosen as
Si, = g} Let B(no,e) := By, (no, ) be the corresponding
(ng, e)-flow box centered at xy (see Definition 2.33), and let R(¢) := R,,(¢) be the su-rectangle centered at
xo at scale € (see Definition 2.30).

The following notation will prove useful throughout the remainder of the paper.

in Lemma 2.27, ¢ < 4{30,(5} and ng = max{3},5,

Definition 3.18. Given a flow box B(ng,e) and a point x € B(ng,e), let
VS =W (x,6) N B(ng,e) and V' = W¥(x,0) N B(ng,e)
be the local center stable and unstable leaves induced on B(ng,€).

Lemma 3.19. For all —2¢e <a<b<2e andn > 4551, and for any measurable A C V' and B C V) such
that M( Gla,b] <A B>su) >0,
1 (9[7%’%]<A73>su) 2

12 (g[a,b] <A, B>su) - n(b - a) .

Proof. We prove the more general statement, where D C GS is such that for all ¢ # s with |¢|,|s| suf-
ficiently small, g;D N gsD = @. By flow invariance of u, for all small #;,%5,s, we have pu (g[tlytz]D) =

w (g[5+t1’s+t2]D). For -2¢ <a<b<2candn > 4361, we have the necessary disjointness property above for
|t;| < max {|al,[b], 1}, as |a|, |b], and L are less than one quarter the injectivity radius of S. Thus, consider
g[g E]D, and observe that

n’n

b—a
it GanD) = =570 (9152, 5P) = (91,4 P) -
O
Lemma 3.20. Suppose w, z € g R(e) for some 7 € {—nio, n%)} Then, for all n,m >0,
g[,; i] <Bfn(’w,5),BfL(Z,€)>su C B[—n,m](<waz>sua45)'
no’no

Proof. Let w' € BY (w,¢), 2’ € B:(z,¢). Then, write £ := (W', 2) gy, 7 1= (W, 2’) 50, and ¢ := (w, 2)g,. Then,
for —n < k <0, we have

das(grn, gr€) = / e Mdg(gr&(t), grii(t)) dt
/Oo e M dg(E(t + k), 7t + k) dt
:/Oi e 2Mdz(E(t + k), (t+k))dt+/::7) e MMdg 5 (E(t+ k), it + k) dt
:/ T gt k), e+ ) de
g/: e 2 da(3(t + k), 7t + k) dt
< dgg(9xZ, 912")
<e.

Furthermore, as n € W* (€, ¢), it follows that dgs(grn, grx€) < € for all k > 0 as well.
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Now, using a similar argument, we see that for 0 < k < m (and indeed, for all k¥ < 0), we have

+oo
das (g€, gré) :[ e 2 d 5 (gué(t), gr(t)) dt

*z‘t'dg(é(t +k),C(t+ k) dt
T)

(

Il
@&\\\\jr

+oo
Mdg(€(t + k), C(t + k) di + / oy s €l ), Cv ke
- o
o e g (w(t + k), w(t + k) dt
—(k+71)
+

IN

e Hdg(w'(t + k), w(t + k) dt

— 00

(gkw ,gkw)

INIA

Therefore, we see that for —n < k < m, we have

das(gxn, gxC) < das(grn, gr€) + das(gré, grl) < 2e.

1
no

das(9s9xm, 9xC) < das(gsgrn, gxn) + das(grn, gr¢) < |s| + 2e < 4e.

Consequently, for s € [— ni, ] and —n < k < m, we have

Lemma 3.21. Suppose w, z € g R(g) for some 7 € [—i i]. Then for all n,m > 0, we have

no’ no

Bi_p,m)({w, 2)su, ) C g[ ]<Bﬁl(w,3e),BfL(z,35)>su.

1 1
et ngftng

Proof. First, for ease of notation, set £ := (w, 2)5,. Now let z € B[_n m)(€,€). We will show that there exists

s € {—5 + 7%0,6 + n%} such that gsx € R(e). By our choice of ¢ < ¢ , x shares a geodesic segment around

time —7 with £ (see the proof of Lemma 2.27). Consequently, there exists s € R such that z(s) = {(—7

and by assumption on z, we know that s € [-7 — e, —7 + £].

With that s fixed, we will show that g_sz € (BY (w, 3¢), Bi(z,3¢))su. A key observation will be that for

all k € N, we have

+oo
das(ourg) = [ e dg(a(e+ k), &t + b))

= /k e Adg (2t + k), 2(t + k) dt + /+OO e AU dg(2(t + k), w(t + k) dt.

—k
Now, set 7 := (g5, W)sy and ¢ := (2,9 sT)sy. Let 0 < k < m. Then observe

“+oo
das(gurn, grw) = / e=2Mdg (7t + k), w(t + k) dt

“+oo

:/ 2 dg(gy@(t + k), (t + k) dt
—k
+oo +oo

g/ e—2lt‘sdt+/ e A (2(t + k), w(t + k) dt
—k —k

< s+ das(grx, gr€)

< 3e.

A similar argument holds for —n < k < 0.
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We can use our previous lemmas to provide estimates using the Gibbs properties.
Lemma 3.22. There exists Q1 := Q1(¢) such that for all x,w € g,R(e) for some T € [,L i], for all

no’ no

a,b e [—nio, n%} with a < b, and for all n,m > 0, we have

1 (g[a’b] (B (w,¢), Bi@ﬁ))su) < MQIQ—(n+m)P(¢)+Iﬂ $(gsw)ds

2
Proof. By Lemma 3.19, it suffices to estimate p(gr , L] (BY (w,e), B:(z,€))su). Then, appealing to
ng’ng
Lemma 3.20 and the upper Gibbs property (Proposition 3.9),
u s no(b—a u s
i o (B 0,0), B3 2D) = " (g (B0, B2
no’no
no(b—a
< %u (B[fn,m] (<U], x>8u7 46))

IN

b— m
o/ . G>Qle—(n+m)P(¢)+f7n 6(g5 (w,z)ou) ds
O

While the estimate on the upper bound was straightforward, the lower bound is slightly more complicated,
due to the fact that the lower Gibbs property of y is non-uniform.

Lemma 3.23. For any c1,c2 > 0, there exists Qo := Qa(g,c1,c2) such that the following estimate holds.

Given z,w € R(e), a,b € [—i i} with a < b andn,m > tg as in Lemma 2.32 chosen so that A\(g_nx) > ¢

’no’ no

and A(gmw) > ca, then

no(b—a
(0 B0, B 0,6 = o)

Proof. By our choice of n,m > tr and Lemma 2.32 we have A(g_n{w, 2)sy) = Mg—nz) and A(gm (w, z)sy,) =
A(gmw). Then, we again use Lemma 3.19, together with Lemma 3.21 and Corollary 3.7 to obtain:

Q2(e, A(g_nw), )\(gmw))e_(”+m)P(¢)+an d(gsw) ds

h—
14 (91a,5) (B (w, €), By (%,€))su) = MM (g[_ (42 ) et it] (B (w,é), Bi<x75)>su>
no(b — a) .
Z mu (B[—”’m] (<w7x>su7 g))
b — m
> MQQ(g, Mg—nw), /\(gmw))e—(n-i-m)P(qs)J,_f_n o(gew) ds.

We now prove a few more helpful lemmas.

Definition 3.24. Given y € B(ng,¢) let m, : B(no,e) — V' be defined by m,(z) = [z,y]. For any = €
B(no,e), we define m; : V' — V' be the restriction of m, to V.

Lemma 3.25. The function m., is Lipschitz continuous with constant e Furthermore, there exists
lp| < n% such that T4 4 (2) = (gp2, Y)su for all z € VI, and my 2 (2) == (9—p2, Z) su.
Proof. We begin by showing the second part of this lemma. First, we know that there exists r, s € [—i i}

no’ no
such that g.z,gsy € R(e). Consequently, (g,x,gsy)s. is defined and we have that (g,z, gsy)su(E£o0) =
[z, y](£00). As [z,y] consists of only one geodesic (because it contains a regular geodesic), it follows that
there exists T such that g,(g9,2,gsy)su = [z,y]. Because we know that [z,y] € W"(y,dgs(z,y)) and
(9r2, 9sY) su € W™ (gsy, das(gsy, (grT, gsy)su), by Corollary 2.18, it follows that 7 = —s, and so we have
that [x,y] = 9—s(9-%, gsy)su. Now, it follows that [x,y] = (gr—s2,y)su by Corollary 2.18, and the fact that
das({gr—sT, Y)su,¥y) < das(gr—sz,y). Thus, taking p = r — s, we have |p| < 712—0, and complete the proof of
the second part of the lemma.
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For the first, observe that

das([w,yl, [2,y]) = das((9p0, Y) sus (992, Y) su)
< dgs(gpw, gpz)
< tepldGS(w, 2).
The first inequality follows from the description of how (—, —) s, works within B(ng, ) given by Lemma 2.27.

Specifically, (g,w,y)su(r) = (gpw,y)su(r) = y(r) for all » < 0 but for r > 0, (gyw,y)su(r) = gow(r) and
(9p2,Y)sulr) = gpz(r). 0

Corollary 3.26. Given x € B(ng,¢), . s Lipschitz continuous, with constant e%.
Proof. Let y, z € B(ng,€). Then, since [y, 2] = [[y, ], z] and dgs(z, [y, 2]) < das(y, z), we have that

das(ly, @), [z 7)) = das (o ([y, 2))s a0 (2)) < €70 das([y, 2], 2) < emodas(y, 2).
O

3.3.4. Proof of the local product structure. In this section, we continue the same choices of R(¢) and B(ng, €).
The local product structure we want from p is the following.

Definition 3.27. A measure p has local product structure on B(n, €) if there exist x € B(n, ) and measures
vt on Vist such that pl g, o) < v" @ where v @v is the measure on B(n, ) given by pushing forward
the product measure v* X v° under [—, —]: V* x V.¢5 — B(n,¢).

The measures v°** will be conditional measures induced by p on V" and proving this can be reduced
to understanding how conditional measures on the local unstable leaves behave under the holonomy map,
which maps from one unstable leaf to another along the center-stable leaves. The key result of this section
is Proposition 3.32. From this Proposition, we can easily prove Proposition 3.33 and Corollary 3.34. The
local product structure is deduced from these in a straightforward fashion — see, e.g., §3 in [Cli23].

We begin by showing how to obtain a compact subset of V* which satisfies the necessary properties to
apply the results of §3.3.1 while still allowing us to carry out the necessary estimates later.

For future ease of notation, let

G, ={x € GS | g1,x € B(zp, k) for a sequence {t;}rez which tends to + oo as k — Foo},
and
fo = {z € GS'| g1, & € B(zp,2k) for a sequence {t}ren which tends to + oo as k — oo}

As we will make use of various properties of these sets, we outline them below.
Lemma 3.28. For any x € B(ng,¢), if v € G, then V£° C G} and Vi C G, . Additionally, u(G)) = 1.

Proof. First, suppose € G,,. Then there exists 7" such that for all ¢ > T, diam(g;V,?) < k. Therefore,
if gr,x € B(zp,k) for some t, > T, then g;, V C B(z0,2k). As fo are flow-invariant, it follows that
Vee © GF. A similar proof shows the desired result for V. That u(G),) = 1 follows from Poincaré
recurrence and ergodicity of y, as well as the fact that p(B(zo,k)) > 0. O

Lemma 3.29. Let ¢ € (0, %), and recall that we’ve chosen zg € GS such that M(zp) > 3c. Letting
k = k(z0) be as in Section 3.3.3 (see the first paragraph), for z € G, there exists an increasing sequence
{tk } ez which tends to oo as k — +oo, respectively, such that N(gt, +s2) > 2¢ for all |s| < k

Proof. This follows directly from the fact that  is small enough so that A|p(z,,3x) > %)\(zo) > 2c. O

Proposition 3.30. Let c € (0, %) and recall that we’ve chosen zy € GS such that A(z9) > 3c. Let
x € B(ng,e). Then for all |al,|b] < nio and t > 0, and for all § > 0, we can find a compact subset
K CV'Nint B(ng,e) such that:

(a) Let k = Kk(z0) be as in Section 3.3.3 (see the first paragraph). Then, for all z € K, there exists a

sequence ty, — 00 such that A(ge,+s2) > 2¢ for all |s| < k;
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(b) 1(gian) (K, By (,€))su) = (1 = 0)plgapy(Vit', BE (7€) su)-

Proof. Let n > ng and 6 > 0 be arbitrary. By inner regularity of u, let K C int(B(ng,e)) N G, N

91a,5)(Va's B (2, €)) su be a compact subset of relative measure at least 1 — 0; that is,

u(K) = (1= )G N gra (Ve By (,€))su) = (1 = 0)algpa,p)(Va's BE (2, €))su)-
Then, define K, := [K, z] to be the projection of K to V,* under the bracket operation. Asm, : B(ng,e) — V.
is continuous by Corollary 3.26, K, is compact. Now, 9= l]<KZ,BﬁL(:c,5)>Su D K, and so has relative
measure at least 1 — 0. Furthermore, it preserves the necessary recurrence properties. This is because any
element w € 9= i]<Km,BfL(x,£)>su is in W¢(z) for some z € G,,. Therefore, using Lemma 3.29, there
exists some 7 € R such that for all large enough ¢ and for all |s| < &, d(gr+t+sw, g12) < 2k, and consequently,
A Gr4t, w+sw) > 2c for the tail of the sequence ¢, — oo. O

The local unstable leaves V* form a measurable partition of B(ng,<). (See, e.g., [Cli23] or [CPZ20]. The
proof of Proposition 3.31 below justifies the measurability.) Hence (see, e.g., [Cli23, Lemma 3.1]), there
is a unique (up to a measure zero set) system of conditional measures p% on the leaves V*. The space
of leaves {V,'}zeB(no,c) can be identified, using the (topological) local product structure, with V7 for any

x € B(ng,e). For such an = we define u¢® to be the factor measure: pS(E) := (UyeE Vy“).

Remark. (Vo uc®) is (after renormalization) a Lebesgue space, as V. is a complete, separable metric
space. We note that from the definition of p® and the flow-invariance of p, ps® has no atoms. Indeed,
if pg({y*}) > 0 for some y* € V*, then for all small t, u(g:Vyt) = p(Vyt) = pg®({y*}) > 0. But for
sufficiently small t,s, g:V,t and gsV,i are disjoint. Therefore, for small 6 >0, p (Ute(—a 5) gtVyTi) =00, a
contradiction.

Proposition 3.31. Letc € (O, %) and let xg € R(e) N G,,. There exists R’ C B(ng, ) with pu(B(ng,e) \

R’) = 0 such that for all x,y € R, there exists a sequence of partitions of B(ng, ), denoted {&,}nen, such
that for every continuous 1 : B(ng,e) — R,

1
Yduy = lim ———— »dp,
Ve n—00 ,u(fn(x)) &n ()

and similarly for y. Furthermore, for all sufficiently large n, we have that

k1) <V$%,Bf (z, %)> C&n(z) C 9( % @)(V&,BE(Z,E»W

tD) su 27 5 gm

9

e

for some ze V5, =22 <k < % — 1, and t > 0 with A(g—¢2) > ¢, and similarly for &,(y).

To’ mng

Proof. Let n € N be arbitrary. For convenience, define a probability measure v on V;} by v(A4) =
tB(ne,e) {VE" | 2 € A}). Observe that v(G,) = 1, and so, v(V: NG) = 1. Now, take K, C V2 N
G, Nint(B(no,¢)) to be compact with v(K,,) > 1 — ;. This is possible because the boundary of the flow
box has zero pu-measure by Lemma 2.35. Using Lemma 3.29, Proposition 3.17 gives us a refining sequence
of partitions of V3, denoted {¢/"}ien, for which there exists a set E* C V5 with v(V, \ E") < -5 and
for all z € E™ and all i € N, ¢"(z) has the adapted-like properties outlined in Proposition 3.17. Since
S v(VE \ E™) < oo, by Borel-Cantelli, we know that v((,"; Upe,, Vi, \ E¥) = 0. Therefore, for a full
v-measure subset £’ C V2, we have that every x € E’ belongs to E™ for all but finitely many n € N.
Consequently, every x,y € E’ both belong to E™ for infinitely many n € N.

Using {¢"}ien, we will now define a sequence of partitions of B(ng,e). For each n,i € N, define a new
partition by

—21 2t
<m< —1}.
no o

n .__ U tfl
gi - {g(;77124{1)<vw0,<-2 >S’U« |

This is a partition (up to measure zero) of B(ng,e). For each n € N, \/;2 & = {V* | z € B(ng,e)}.
Therefore, by [CPZ20, Proposition 8.2], for all n € N| there exists a full measure set R™ C B(ng, ) for which
for all x € R™,
Yt = lim ——
Ve =00 M(ﬁi (7)) &r(z)
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for all continuous 1 : B(ng,e) — R. Then we have that () -, R™ is a full measure set for which this formula
holds for the sequence of partitions {{"};en for all n € N. Recalling our definition of E’, we define

2™ (ng) "

Ri= (YR 09, Vi B L omBCE),
n=1

np’no m:—2"(n0)_1

which is a full measure set by construction.

Now, let 71,72 € R’ be arbitrary. Then v = g¢r,(Z1,¥1)su and v2 = gp, (T2, Y2)su for y1,y2 € F’,
x1,v2 € Vi, and ri,r2 # 2% for any k € N. Then, by our choice of E’, there exists some n* for which
V1,72 € E™" . Therefore, we see that for all i € N, we have that there exists t1,t2 > 0 and 2z;, 20 € V., such
that A(g_¢, 21) > ¢, Mg—t,22) > ¢, and

B, (21.5) ¢ ) € By, (21,5

and similarly for Ci”* (y2). Taking our sequence of partitions to be {fl" }ien provides our desired properties.
|

Proposition 3.32. There exists K > 0 such that for almost every x,y € B(ng,e) and for every uniformly
continuous ¥: B(ng,e) = (0,00),

v(re) it <K [ v,

Vy“ Vyu

Proof. Let ¢ : B(ng,e) — (0,00) be uniformly continuous, and let & > 0 be small enough so that if
des(u,v') < 3a, then both 1y(u) < ¥(u) < 2¢(u), and Ly(myu) < Y(myu) < 2¢(myu’). Now let
R’ C B(ng,€) be as in Proposition 3.31, and let 2,y € R' N 9(7i L)R(zs) N G,. Observe that this is a full

ng’ng
measure set, from applying Proposition 3.31 and Lemma 2.35, as we chose ng so that % is less than one
quarter the injectivity radius of S. Now, both v o m, , and 1 are continuous functions, and so we can apply
Proposition 3.31 to estimate both

/ Yo myydpy = Y d(Tgy)epty and / Y dpy.-
vy vy

u
Vi

To do so, fix o € R(e) and ¢ € (0, H’\JJ""’ ), and let {&, }en be the sequence of partitions given by Proposition

3.31. We will now proceed with our proof by using Propositions 3.30 and 3.12 to partition most of V! (and
then, in turn V;* and V') into well-understood sets, for which we have nice upper and lower bounds from
the Gibbs property.

Let 0 < 8 < min{1,[]1)[~*}. For each n € N, recall that by Proposition 3.31, there exists ky n,kyn €

[,ﬁ 2" _ 1}7 temstymn > 0 and 2 pn, 2y € V5 such that

no’ no

g( ka,n kmm,ﬂ) <Vz1f)7 fo,n (Za:,'ru

o7 T e

€ s
§)>su C gn(m) - g(k;—n”“;l“) <V$u0’ Btw’n (Zm,n75)>sua

and similarly for y. Going forward, we will often omit the dependence on n from the notation since we will
primarily work with a fixed choice of n. Now, let K, C V! be as in Proposition 3.30 for ¢ with

(9 g B B (s ) 2 (1= (a0 (s gy (VB G D).
PRI PRI
and similarly replacing every x with y. Then, use Proposition 3.12 and Corollary 3.16 to define a partition
I, := {Ao, Ay, , Ay} of V!, such that:
For each A; € T1,,, i # 0, there exists w; € A; and t; > tR—i—n% such that By (w;, 5) C A; C By (w;, 2¢)
For i # 0, A(gt,+rw;) > c for all r € [—i i}

no’ no
For i # 0, max{diam A; | 4; € II,,} < min{a, dgs(K,,0B(ng,¢))}
Ao C V;g \Kn
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The second condition follows from choosing ng large enough so that nio < k in the statement of Proposition
3.12, which in turn relies only on the choice of x in Proposition 3.30. The condition on the diameter of II,,
follows from Corollary 3.15, as K C Reg, while NE(g) C Sing due to [CCE*23, Lemma 2.16].

Take n large enough so that 2,L < 5 and so that both diam B} (zn’z, £) < a and diam Bfn_y (Zny.€) <
Then for A; € I1,, with i # 0, we have

27

2
diamg<m k”;lﬂ) (A, Bfnym(zn,x,s»su < on + diam A; + diam Bfm(zn,x,s) < 3a,

and similarly replacing x with y. Now, we Will find an upper bound on fvu Y omy, dp. Using the fact that
P(myz) = P(mygez) for z € R(e) and [¢t| < =, it follows that for all such n, we have

n’

¢onydu</ bom,dp
%’kg;{l)u/u BS (z, €))su

—2/ wom,du
k k +1 A’LanI(zw75)>su

x a_
2E v

< B2l o myllooplEn(@) + 3 / oy dp
i g

&n(x)

km+1 (Ai, B} (22,€))su

kz
jﬁT

)

= B,U fn +Z2¢ Ty wzazx>su),u (9(% %)<A27B (Z;m )>su)
< Buénlz)) + 221/1 Ty (Wis 22) su ) 1 (g(%7%)<32 (wy, 2¢), By, (Za:,g»su)

< Bulén(z +Z2z/) (g (Wi, 22) 0u) @112~ ("D = Wit t) PIOIHIT,, 0(9r (wirze)su) dr
i=1

The final step uses Lemma 3.22. We will also need the following lower bound:

w(én () > p (9(%,%) <V5€,BS (Zx %) >u)
2 3k (ot ) (A0 B2 (3)) )

> iu (950,250 (B2 (w0:3) B (3:3)),.)-

From this, using Lemma 3.23, it follows that

tg
1 (n(@)) > ;ﬁr 2 ZQz ( (9-t, %2, A(gt,,wi)) e~ (Lt PO+, dlos(wize)an) ds,

Finally, we will need the followmg computations using the Bowen property to make use of these re-
sults. Recall that ¢ has the Bowen property at scale g, and that diam B(ng,e) < €9. Now, observe that
das(gr(w, 2) su, grz) decreases monotonically to 0 as r — —oo for all w, z € R(¢e), while dgs(gr(w, 2) su, grw)
decreases monotonically to 0 as r — oo. Therefore, we have (w,z)sy € Bj_pn)(2,€0) and (w,z)su €
Bio,n)(w, ) for all n > 0. Applying the Bowen property via Proposition 3.6, there exists L > 0 such
that for all ny,ne >0,

’ no 0

(o (w, 2w dr — [ Blgez) dr — /O " bgew) dr

—ni —ni

< 2L.
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Therefore, recalling that A(g_;, 2,) > ¢ by construction and writing Q2 := Q2(5, ¢, ¢), we have that:

Jeuw) ¥ 0 my i <B+ S 20 (my (Wi, 22 s ) Qa2 (HD e~ (it PO, lor(wisza)en) dr

#lénl2) nirs 2 Q2 (5 Mg-n ), Agrwi) e~ (titta) PO)+] 75, #(gswize)on) ds
62L+fft$ é(grzz) dr iﬂ: W (my (wi, Zm>su)67tiP(¢)+fJi $(grw;) dr
< 6"' Ql(n0€+2) . -
= Q2 €—2L+f3¢m O(grze) dr 72”: e*tiP(fﬁ)Jrfoti B(gew;) ds
i=1

> Ty\Wi, Zx ) su e_tip((b)'i'foti o(grw;) dr
(4) <B4+ Que*t(noe +2) 2 Ylmy{wi, 22 )su)
) @2 i e_t'ip((b)""foti d(gsw;) ds

i=1

Note that 8 does not depend on our choice of n, although the rest of the computation does, as our collection
of z; and t; depends on our choice of K,.

Now, we will carry out similar computations to find a lower bound for the corresponding estimates of
IVJ* ¢ dp;;. These mirror those carried out above, except using the lower Gibbs bound instead of the upper

Gibbs bound and vice versa.
Recalling that we work with n large enough so that diamg[ ky kytl ] (Ai,BS (2y,€))su < 3, and that
271 s Tom

g(ﬁ ky+1)<v B} (2y,€))su- Therefore, for every w; € Vi we have 7, (w, 2y)su € g(%,%><VmO,B (zy, €)) sus

ty is chosen so that A(g—¢,z,) > ¢, we obtain a lower bound as follows. First, observe that V' C
xo?

and consequently,

w(ﬁy<wia2y>su).

w‘g(%%’#)(‘%ﬁ (20,8 ou = 5
Using this, we see
vn = / Ydp
gﬂ(y) (;;4% iwm)< Sy Zy, 2 >Su

>Z/g . wdﬂ

2!L‘

-y <m<wuz@/>su>n (g(:g,kﬁl) (Bt (w5). 52, (5),.)

n2" Wi, 2y ) sw ) dr W\ Ty (Wi, 2y ) su
_ M2 ZQZ( ) Agrwn) ) e JP(6) 41, ar(wirzy o) dr YTy : v)su)

\ \/

ne2~" 0 d = Y (y (Wi, 2y) su) ti
> Q2 0 efLef_ty d(grzy) reftyP(qﬂ Z y\Wiy 2y /)su 6—tiP(¢))+f0z d(grw;) dr7
noe + 2 p 2
where the last inequality utilizes the Bowen property as we did in our previous estimates.
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We also have the following upper bound:

w(énly)) < N(.‘][k , ]<Vx1prS (2y,€))su)

S 522,& 7%7 y+1 AuB (Zy7 )>su)

S 52 ZM ky ky+1 B"j(wi725),ny(zy,5)>5u)

2n7

1 —(t; ti Wiz s
- 62 ZQ1n027(n+1)6 (tz+ty)P(¢)+f_ty #(9r (Wi, 2y ) su) dr
=1

<t
S

Combining these two estimates, we have that for sufficiently large n,

anOQ*(n+1)€2Lefgf,y P(grzy)dr Z 6,(ti+ty)p(¢)+fgi b(grw;) dr

=1

n no—- —ty 2y dT — m Ty (Wi, 2y )su)  —t; ti w;) dr
fg ) ¥ du > (1—62)Q2ng§+26 LelZe, #0207 gty yP(9) yom | el (wizy)an) o=t P()+fo" @lgrwi) d
(5n( ) Qung2- D 2Ll ey ) IS 14, P05 (grwn) dr
> (1-p%) Q2 D iy Py (wi, Zy>su)€_tip(¢)+fo (o) dT.
- Q1(7L0€ + 2)64L Zzl e—tiP(¢)+fJi o(grw;) dr

Therefore, for all large n we can directly compare our estimates for f\/u Y omy, duy and a lower bound

for fvy“ ¥ dp;. Recall that by (4), shown earlier in the proof we have:

S . —t: P($) 4[5 blgrws) dr

Z; P(my (Wi, 22) su)e N 0, Jeswbomdn
in: e—ti,P(qS)-&-fot"' P(gsw;) ds - Q164L(n0€ + 2) /j‘(gn (i[)))
=1

Further, 7y (w;, 2z)su = Ty (Wi, 2y)su. Consequently, we have:

fEn(y) Y dp
1(&n(y))

QS wmy(wi, zy)su)e PO S ar
Q1(noe + 2)etk S e—tiP(0)+ )37 d(grw;) dr

52 Q2 Q2 Jeu (@ ¥ 0 my dp _
z(1=8) <Q1(nos+2)64L) (Q1€4L(”05+2)> < H(En()) ’)

We can choose § arbitrarily small, independent of n. Thus, we have shown that

>(1-p%

Syt o may dpg . %W
—z = lim W
L Y dut n—=00  Jen(y) ¥ H
ny Y w(&n(y))
2
< (e“mof%)
- Q2

O

Using Proposition 3.32, we now complete our proof of local product structure. This proof is standard,
and follows [Cli23, §3].
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Proposition 3.33. Given B(ng,e) C Reg(c) for some ¢ > 0, there exists K := K(c) > 0 such that for
almost every x,y € B(ng,¢),

skt

Hy

Proof. Let U C V' be an arbitrary open set, and observe that there exists a sequence of continuous functions
Y+ V' — (0, 1] which converges pointwise to 1y. For each such ,, we have by Proposition 3.32 that

Un d(Toy)ipiy < K v Un dity,-
Y

K t<

Ve
Then, by dominated convergence, this implies that (. y ).y (U) < Kpy (U). Letting 2 C V' be an arbitrary
measurable set, by outer regularity, we have that
,ug(w;;E) = inf{ug(W;;U | U D Eisopen } <inf{Ku, (U |U D Eis open } = K (E).
As x and y are interchangeable, we also have the reverse inequality, and so our proof is complete. O

Corollary 3.34. For almost every v € GS, there exists a flow box B(ng,e) 3 v and some K := K(y) >0
such that for p-almost every x,y € B(ng, €),

dlmon)otit _ e

dpy
Proof. Recall that if A(y) = 0, then A(gyy) = 0 for all ¢ > 0 or all ¢ < 0 by [CCET23, Proposition 3.4]. As
w(A71(0)) = 0 by Corollary 3.8, this implies that for u-a.e. v € GS, A(gyy) > 0 for all t € R. Consequently,
we can construct a rectangle at p-a.e. <y via Lemma 2.27, and in turn, a flow box By(ng,e) for some
appropriate choice of ng and €. Then, Corollary 2.29 guarantees that B, (ng,c) C Reg(c), where ¢ depends
on 7. Applying Proposition 3.33 completes the proof. ]

K 1<

4. THE BERNOULLI PROPERTY

The proof of the Bernoulli property (Theorem B) follows an argument due to Ornstein and Weiss [OW73].
A presentation of their argument with somewhat more detail can be found in [CH96]; we follow this presen-
tation most closely.

After some preliminary definitions and lemmas, we provide an outline of the argument before beginning
the proof.

4.1. Definitions and lemmas. We begin by recording a few definitions and lemmas needed in this section
alone.

Definition 4.1. Given a measurable set A C GS and x € A, V4 is the connected component of W*(z)N A
containing .

Lemma 4.2. Let ¢ > 0 and B > 0 be given. Then there exists some §, depending only on ¢ and B, such
that the following holds:

Let ¢ € GS be such that \(g;q) > ¢ for some t € [% —|—2,B]. If x,y € B(q,0) and y € un’B(q’é), then
x(—00,tg] = y(—o00,to] for some ty > 0.

Proof. Suppose A(g;q) > ¢ > 0 for some € [% + 2, B]. By [CCE*23, Prop 3.9], there exists ¢; €
[f — %, t+ %] - [2, B+ %] such that g(t1) is a cone point at which ¢ turns by angle at least sgc away from
+7r.

Using the uniform continuity of the geodesic flow over t € [O, B+ % + 2], choose § such that

o § < ¢, and
o if dgx(z,2') <9, then dax(gi2,9:2") < ' for all t € [O,B + % + 2] )
Note that 0 depends only on ¢ and B.

By Lemma 2.8, since dgs(v,q) < 0 < 55 and dgs(gt,+27, 9t,42q) < 6 < 55, ds(2(0),¢(0)) < 8¢ and
ds(z(t1+2),q(t1+2)) < *3°. By the CAT(0) condition and some simple Euclidean trigonometry, the angle at
q(t1) between ¢(0,¢1) and the segment [x(0), ¢(t1)] is < *5¢. Similarly, the angle at ¢(t1) between q(t1,t1 4 1)
and the segment [q(t1), z(t; + 2)] is also < ¢,
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The angle that ¢ turns with at ¢(t1) is at least soc away from +m. Therefore, the angle between the
segments [2(0),q(¢1)] and [g(t1),z(¢t1 + 2)] is > 7 on both sides, and so the concatenation of these geodesic
segments is itself a geodesic segment. Therefore, the cone point ¢(t1) belongs to the geodesic x. Say it is
x(to). By choosing § << 1, we can ensure that tg > 0.

The argument above holds for y as well, so ¢(¢1) belongs to y. Lifting z and y to nearby geodesics in S ,

since y € yuBed), Z(—00) = g(—00). Thus, Z and ¢ share a ray Z((—o0,%]). Moreover, using again that
y € VP9 it implies that 7(0) = Z(0) so g(to) = &(to), and the Lemma follows immediately. O

The following definitions relate to partitions, the main objects of study in this section. For the remainder
of this section, let (X, 1) and (Y, v) be general probability measure spaces. All partitions in this section have
finitely many atoms.

Definition 4.3. A property P holds for e-almost every set in a partition {C;} of (X, u) if

p U Cji | <e, where J' ={j € J:P does not hold for C;}.

j/eJ/

A distance between finite partitions can be defined as follows. (See [PVal9] or [CH96].) Let J(u, v) be the
set of joinings of p and v. That is, J(u, v) is the set of probability measures A on X x Y such that (m1 ).\ =
and (m2)+A = v, where 7; are the usual projections onto the factors of X x Y. Consider measurable partitions
E={C1,...,Cxtof X and n={D1,--- ,Dy} of Y.

Definition 4.4. The d-distance between & and 1 is

d&n) = inf A{(z,y):2€Ci,yeDj, andi# j}).
AEJ (u,v)

This distance can be extended to sequences of partitions as well. Consider two sequences of measurable
partitions {&;}7 of X and {n;}} of Y where § = {C1},...,Ci} and o' = {Di,--- ,Dj}.

Definition 4.5. Let {&}7 and {n;}} be as above, we define
T i i
hw,y) =~ 0{j#k:ve€Cj yeDi},
i=1

where § is the indicator function.

Definition 4.6. The d-distance between {&;}7 and {n;}7 is

A&y n)0) = int / Wz, y)dA(z. y).

AT (1)

Definition 4.7. For a measurable E C X with u(E) > 0, the conditional measure induced by p on E is

_ u(SNE)

If ¢ ={C,...,Cx} is a partition of (X, p), it induces the partition
€|E = {Cl ﬂE,...,CkﬂE}
on (E, plg).

A central tool in the argument below will be Very Weak Bernoulli partitions, introduced by Ornstein in
[Orn70]. Let f be a measure-preserving, invertible map on (X, y).

Definition 4.8. A finite partition £ is Very Weak Bernoulli (VWB) if for any € > 0, there exists N € N
such that for all Ny > No > N, for alln > 0, and for e-almost every A € \/fc\f:lN0 fF€, we have
d{felayt AF T8 < e

with respect to (A, ula) and (X, u).
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4.2. An outline of the argument. Our main task in this section is to construct a sequence of VWB
partitions with arbitrarily small diameter. To do so, we want to show that we can satisfy the conditions of
the following:

Lemma 4.9 ([OW73] Lemma 1.3, or [CH96] Lemma 4.3). Let (X, ) and (Y,v) be two non-atomic, Lebesque
probability spaces. Let {a; },{Bi} for 1 < i < n, be two sequences of partitions of X,Y, respectively. Suppose
there is a map ¥ : X — Y such that

(1) There is a set By C X with pu(Ey) < € such that for all x ¢ Ey,
h(z,vx) < e;
(2) There is a set By C X with pu(Es) < € such that for any measurable B C X \ E3,

w(B)
v(yB)

Then d({a;},{B:}) < ce (where c is some constant depending only on our underlying system.)

—1‘<s.

We now revert from the general notation above to our specific situation as outlined in Theorem A, replacing
the general probability measure space (X, u) with (GS, 1), and letting f = ¢g; be the time-one map for the
geodesic flow.

Specifically, we will apply Lemma 4.9 with:

o (X, {ai}) = (A, pla, {f7%¢|a})

b (Y7 v, {ﬁz}) = (GS, Hs {f_lf})
fori =14m,...,n+m, for some m to be chosen below. GS is a complete, separable metric space, so these
are indeed Lebesgue spaces. Since p is flow invariant, u and p|4 can have no atoms. Note that to satisfy
Definition 4.8 we only need to apply this for e-almost every A € \/,1:[:1 No f¥€. The result will be that

J({fiiaA}?:lT-ma {fﬁzg}?:lrim) <ce

where ¢ depends only on our space GS. That is, f~™¢ is VWB.
A rough outline of the argument for the construction of £ and v as in Lemma 4.9 is as follows.

(1) Let & be a partition of GS with a small amount of measure concentrated near the boundaries of its
sets.

(2) Define an auxiliary “almost partition” of G'S into dynamical rectangles, where on each rectangle,
1 is equivalent or absolutely continuous with respect to a product measure supported on the local
unstable and center-stable manifolds.

(3) Show that we can choose M so that for ms > my > M, “most” partition elements A € \/:Z fie
have a subset of relatively large measure S4 C A which stretches completely across each rectangle
in the unstable direction.

(4) Given a set S4 which “stretches across” a rectangle R in the unstable direction, show that we can
define a map ¥pg : S4 N R — R which is product measure-preserving, and maps points along their
local center stable sets.

(5) After identifying a small-measure collection of ‘bad’ atoms from \/,CN:1 No fFe, given a ‘good’ atom A,
glue together v : A — GS from the ¥g’s, and then show that it meets the necessary criteria from
Lemma 4.9.

Of these steps, only (2), (3), and (5) require hyperbolicity of some kind. Step (1) is an entirely general
construction for which we quote a Lemma from [OW98]. The main work for Step (2) was accomplished in
Section 3.3. We discuss the first two steps in Section 4.3 below. In Section 4.4 we give a precise definition
and prove the desired ‘layerwise’ intersection property of Step (3). The argument is completed with Steps
(4) and (5) in Sections 4.5 and 4.6, primarily by recalling the argument of [OW73].

Once the argument above is complete, we finish the proof of Theorem B by invoking a pair of theorems
from [OW73]:

Theorem 4.10 ([OW73], Theorems A and B).

(A) If & is a VWB partition of the system (X, p, f), then (X, \/oo_ o f*&, 1, f) is Bernoulli.
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(B) If Ay C Ay C -+ is an increasing sequence of f-invariant o-algebras with B =\/,_, A,, and each
(X, Ap, i, f) is Bernoulli, then (X, B, u, f) is Bernoulli.

Proof of Theorem B. We apply Theorem 4.10 to (GS,B,u, f) with f = g; and B the Borel o-algebra.
Our argument in the following sections will show that for any partition £ with a small amount of measure
concentrated near its boundary, f~"™¢ is VWB. Proposition 4.11 below ensures that such a £ exists. Indeed, it
ensures that such £ with arbitrarily small diameter can be constructed. Applying this Proposition inductively,

we can find a sequence & C & C --- with diameters going to zero. \/,. | &, certainly generates B.
Applying 4.10(A), we find that (GS, Ve . f'&n. pt, f) is Bernoulli. Since A, := \/;o___ f'&, are f-
invariant, and B =\/,~_, A,, by Theorem 4.10(B), (GS, B, i, f) is Bernoulli. O

4.3. Steps 1 & 2: Good partitions. The first step toward using Proposition 4.9 is to note the existence
of a partition of GS such that the measure near its boundary is controlled. This is given by the following
general fact.

Proposition 4.11 (See [OW98], Lemma 4.1 and following remarks). Let (X, u) be a compact metric space,
w a probability measure. For all € > 0, there exists a partition & of diameter less than € such that there exists
C > 0 such that for all v > 0,

w(B(0€,r)) < Cr
where B(O&,r) is the r-neighborhood of the union of the boundaries of the sets in &.

The second step is to find an “almost partition” of GS using rectangular subsets of the flow boxes
constructed in Section 3.3. We will denote these rectangles by R or R;. This matches the presentation of
[CH96], for example, but these R’s should not be confused with the rectangle transversals considered earlier.

Towards that end, note that we may assume (by decreasing ¢ and increasing n as necessary) that the
bracket structure provided by [—, —] is defined at scale § which is at least twice the diameter of any such
B(no, E).

There are product coordinates on B(n, €), defined as follows. Let z € B(n,e). We assign it coordinates

11
zr (24,2°,2°) € W¥(z,e) x Wo(z,€) % [_n’ n]

where

{z"} =W"(x,e) N Wcs(z,é)
{2°} = W?(x,e) N W*(z,0)
e (2", 2%) 50 = 2.

(See Figure 4.)
We note that topologically, W*(z,e) and W?*(z,e) are intervals — they can be identified with subsets of

the circle 9,5 via the projections z — z(400) € a8 (for W¥(z,€)) and z — 2(—00) € a0 S (for W5 (z,€)).
Definition 4.12. A subset A C B(n,¢) is a rectangle if there are intervals (open, closed, half open, or a
single point) I* C W*(z,¢e), I C W*(x,¢), and I¢ C [—%, %} such that
A={z:2"eI" 2 €I’ 2°el}
or, equivalently, under the map to the coordinates, we have a bijection
A IV x I° x I,

Suppose that By := B(nj,e1) centered at x7 and By := B(ng,e3) centered at zo intersect. Since the
diameters of By and By are less than half the scale on which the bracket [—, —] is defined, we can relate the
coordinates for B; and Bs.

Let z € By N By with coordinates (2}, 2§, 2{) for By and (2%, 25, 25) for Bs.

e Unstable coordinates: z!* both lie on W¢(z,§). Hence,

{2?} = Wu(xlael) n Wcs(zgﬂ 5)
e Stable coordinates: z; both lie on W*%(z,d). Hence,

{Zf} = WS($1,€1) N WCU(ZS,(S)
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FIGURE 4. The product coordinates on a flow box.

e Flow coordinates: z{ — z§ = t* where gi (2%, 25) sy = (2%, 25) su. Note that t* is the distance along
the flow through z between R;(e1) and Ra(g2). This distance is constant in z as R;(g;) are connected
and foliated by stable and unstable leaves, and the flow takes (un)stable leaves to (un)stable leaves.
Hence,

2{ =%+ 25.

The transformation of the flow coordinate obviously maps intervals to intervals. The same is true for the
other foliations. To see that these maps preserve the ordering of points on the (un)stable leaves they map
between, one can either draw a geometric picture of the maps in S or note that these maps are given by
holonomies along the leaves of the center (un)stable foliation. Since distinct leaves cannot intersect, ordering
must be preserved.

The work above allows us to prove the following.

Lemma 4.13. If A is a rectangle in Bo, then AN By is a rectangle in B;.

Proof. Suppose that A has coordinates I3 x I5 x IS in Bs. Then in Bj it has the coordinates I}* x I7 x I{
with
I'={z} 28 € I} = {W*(x1,e1) "N W(25,0) : 25 € I}
I ={z 25 € I3} = {W¥(xy,e1) N W(25,6) : 25 € I5}
If = {z{: 25 € I5}.
Since the maps z; — 2 map intervals to intervals, A is a rectangle in Bj. O

Proposition 4.14. If A; and As are rectangles in By and Ba, then A1 N As is a rectangle in By and A; \ Ay
is a finite union of rectangles in By.

Proof. By Lemma 4.13, A; N By is a rectangle in By. AyNAs = A1N(A2NBy) and A1\ As = A1\ (A2 N By)
so we can without loss of generality assume A; and Ay are both rectangles in the same flow box Bj.

In the stable/unstable/flow coordinates A; and As are rectangles in W¥(x1,e1) x W¥(xg,e2) X [—n%, n%} )

itself a rectangle in R? after identifying these (un)stable leaves with intervals. The result now follows from
the analogous fact about rectangles in R3. |
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Lemma 4.15. For any rectangle A with p(A) > 0 in a flow box B(ng,e) on which u has local product
structure, the conditional measure u|a has local product structure.

Proof. As noted at the start of Section 3.3.4, local product structure can be deduced from the behavior
of conditional measures under holonomy maps described in Proposition 3.33 and Corollary 3.34. When u
is conditioned on A (using the fact that p(A) > 0), the resulting conditional measures are renormalized
versions of the measures for the full flow box and the holonomy maps are the same. Hence, these results
hold for A, and p|4 has local product structure. O

The conditions on the partition we want are described in the following definition.

Definition 4.16. For a given 6 > 0, a partition 1 = {Ro, R1,..., R} is a good d-almost partition of GS
into rectangles if

e FEach R; fori=1,...,k is a rectangle as in Definition 4.12 with diameter < §/C where C is from
Proposition 4.11, and with u(R;) > 0.

o Ry is some measurable set with p(Rp) < 4.

o Ife,ye R; (i=1,...,k) are on the same local unstable leaf, then there is a curve in R; and in that
local unstable of length < 8diam(R;) < 86/C' joining them.

e Forevery R; (i=1,...,k)

1, (R:)
n(R;)
where M%i is the local product structure measure on R;. (That is, /‘ZI)% = v" X v® in the notation of
Definition 8.27.) Fach R; (i = 1,...,k) contains a subset G; with u(G;) > (1 — §)u(R;) such that

at all points x € G,

-1/ <é

dpy,.
—(x) = 1| < 0.
’ dp () ’<
o Ifx,y € R, (i =1,...,k) are on the same local stable leaf, the distance between them contracts

exponentially fast under the geodesic flow.
Proposition 4.17. Given any § > 0 there exists a good §-almost partition of G\S into dynamical rectangles.

Proof. In Corollary 3.34 we proved that almost every v € GS — specifically, any v with A(g;y) > 0 for all
t € R — belongs to a flow box B(n, ) on which p has local product structure. In Lemma 4.15 we showed that
on any rectangle R with u(R) > 0 in such a flow box, u also has local product structure. We will create our
good almost partition from such rectangles. They are clearly measurable, and hence Ry will be measurable.

First, note that we can choose the rectangles R with diameter smaller than 6/C where C' is from Propo-
sition 4.11.

Second, it is clear from the construction of the flow boxes (see Definitions 2.30 and 2.33, and take n
sufficiently large) that the unstable segments in each flow box, and hence each rectangle within it, are of
length < 8diam(R). Also by construction (see Lemma 2.27) if z,y € R are on the same stable leaf, then
x(t) = y(t) for all t > 0. Lemma 2.12 gives the desired exponential contraction.

We know from Lemma 4.15 that -2%- € [K~!, K] on each such rectangle, where K is provided by Proposi-

dpp
tion 3.33 (or Corollary 3.34) and depends on the rectangle. (See §3 of [Cli23] for the proof that Proposition
3.33’s result yields this bound on d‘i‘é .) Hence, ph, < p as well. % is measurable, so at almost every
R

point, on a sufficiently small neighborhood, it is nearly constant off a small measure set. Therefore, shrink-
P
ing R as necessary, and rescaling p%, as necessary, we can ensure that |d;TR — 1] < 0 on aset G C R with

u(G) > (1 = §)u(R). Combining this with our bounds on d(il%; we can show that “;’;((RI? -1/ <.

Therefore, around almost every point in GS we can construct a rectangle answering the requirements of
Definition 4.16 of arbitrarily small diameter. Let E be the full measure set of such points. The fact that we
can make our rectangles of arbitrarily small diameter and the results of Proposition 4.14, show that these
rectangles form a generating semi-ring for the restriction of the o-algebra of measurable sets to E. Therefore,
every measurable set in this o-algebra, including F itself, can be approximated up to measure < § by a finite,
disjoint, union of our rectangles. Clearly any zero-measure rectangles can be removed from this union at no
cost. These rectangles, together with their complement of measure < ¢, is the partition 7. |
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Remark. Allowing intervals of any type (including the degenerate case I = {p}) when defining rectangles in
Definition 4.12 simplifies the final step of Proposition 4.17 because it ensures the collection of rectangles is
a generating semi-ring for the measurable sets. This choice does a priori allow for degenerate rectangles to
appear in w. However, we expect most degenerate rectangles to have measure zero (see Lemma 2.35 and the
Remark before Proposition 8.31) in which case they would be removed from m, and in any case degenerate
rectangles of positive measure can be used for the rest of our argument.

4.4. Step 3: Layerwise intersection. The next step is to prove (Proposition 4.22, below) that given a
partition ¢ as provided in Proposition 4.11 and a collection of small rectangles, there is a time M such that,
after pushing ¢ forward by times > M, almost all of its partition elements intersect each rectangle in our
collection ‘layerwise.’

Definition 4.18. A measurable set S intersects a rectangle R layerwise if for all x € SN R, V%5 D V%E,
First, we record a geometric lemma.

Proposition 4.19. Let € > 0 and tg > 0 be given. Then there exists a set E C GX (depending on e and
to), a ¢ >0 (depending only on €), and B > tg (depending on & and to) such that:

o u(E) <5

e for each v € E°, there exists a t., € [to, B] such that |0(,t,) — 7| > c.

Proof. Recall that Sing = (,cp 9:({\ = 0}). (Here, {\ = 0} is shorthand for {y € GX : A(y) = 0}.) Thus,
Sing = ﬂ ﬂ g ({A<'}).
/>0 teR
By Corollary 3.8, u(Sing) = 0 for our equilibrium states, so given £ > 0, there exists ¢* > 0 such that

2
. €
1 <ﬂ g({r<c })> <7
teR
Now,
Na{r<eh =) [ «{r<c}.
teR neNte[—n,n]
Therefore, there exists N1 € N such that

2
N €
H n g ({A<c™}) <5
te[—N1,N1]
Let
F= (1 a({r<cl).
tE[—Nth]
Then

F¢={y € GX : 3t with [t| < Ny such that A(g:y) > ¢*)}
and p(F°) >1— %
Let E = g—Nl—to—i—o*F; E°¢ = g—Nl—tO_;TQkFC. We still have u(E€) > 1 — % If v € E°, then there exists
a time ¢, € [to + o to + 0o 4 2N1] such that )\(gtwy) > c*. Let ¢ = ¢*sg, where sq is less than half the

2¢* ) 2c*
minimum distance between cone points (see the discussion following Definition 2.3). Then using Lemma 2.4,

for each v € E¢, there exists a t € [to, o + 2900* + 2N1] =: [to, B] such that [0(y,t)) — 7| > c. |

Definition 4.20. Let E be as provided by Proposition 4.19. Given a collection R of rectangles, we decompose
it as R=RgURpge, where R ={RER:RCE} and Rgc = {R € R : RN E° +# 0}.

Directly from Proposition 4.19 we have
Corollary 4.21. For any collection R of rectangles,
2
€
u( U R) < 5
ReERE
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In all that follows, £ = {F}} is a measurable partition of GS with finitely many atoms. B(9¢,¢) is the
e-neighborhood of the union of the boundaries of the sets in £&. We assume, using Proposition 4.11, that
there exists C' > 0 so that for all » > 0, u(B(9¢,r)) < Cr.

Fix e > 0 and set tg = 2. Let ¢ > 0, E C GS, and B > to be as described in Proposition 4.19 (for our
choice of ¢ and #g). Recall that each v € E° has a time ¢/, € [t, B] associated to it for which [0(v,t])—7| > c.
By definition of A (see equation (1)), A(gr ) = =

Given ¢ and B, let § > 0 be as given in Lemma 4.2 for that choice of B and for A-value é Let g € E°.
We can apply the result of Lemma 4.2 to the é-neighborhood of ¢ because we have the time t; € [to, B] at
which [0(g,t;) — 7| > c. (Note that Lemma 4.2's statement is in terms of values of A, but the first lines of
its proof translate this into precisely the turning angle information we have here.) Lemma 4.2 then states
that if z,y € B(q,d) with y € qu,B(q,(S)’ then = and y agree at least over times in (—oo, tg] for some to > 0.
In particular, Lemma 2.11 applies for such z,y.

We are now ready for the main proposition of Step 4:

Proposition 4.22. Let ¢ > 0 be given. Let R be a finite, pairwise disjoint collection of rectangles with
diameters < §, where 0 is as given in the paragraphs above (and only depends on €).

If € is a partition as described above, then there exists M (depending on the C' mentioned in the description
of & as well as on ) such that for all me > mqy > M and for e-almost every F € \/,:'Zm1 fFE there is a set
Sp C F with u|p(Sp) > 1 — & which intersects each R € R layerwise.

Proof. Let € > 0 be given; set t) = 2. Let E be as provided by Proposition 4.19; it depends on & and tg.

Let R be a collection of rectangles with diameters < §. Decompose R = R URge as per Definition 4.20.
Let qr € R € REe for all R € Rge.

Recall that £ is a partition such that u(B(9¢,7")) < Cr’ for all ' > 0. Let M be so large that
CSY e k< %

Let F e 2 fE¢. Then if € = {F}},

mo
F= () f'Fj,.
k=m,

A point z is in F if and only if for all k € [mq,ms], f~*z € F},.
Let S;1 = F \ (URERR)- Let

S= |J {ze FAR: VPR CVPIY
REREe

Let Sp = S1 US2. Our goal is to prove that p|p(S%) <e.

Suppose that ¢ ¢ Sp. Then z belongs to some rectangle R € R. If that rectangle is in Rp, then
z € S% N (Ugery R). By Corollary 4.21, (S N (UperyR)) < 5--

If, on the other hand, that rectangle is in Rgc, then there exists some y € V,»f such that y ¢ F. Since
y ¢ F, there exists some k € [m1,ma] such that y ¢ f¥F,. As they are both in R, dgx(z,y) < J. As noted
just before this proof, Lemma 2.11 applies to z and y, so

dex (g—kT, g—ry) < de .

Therefore, g_ix € B(9¢, e ").
Let
Xi = ge B(OE, 6¢7F).

By the choice of &, u(Xx) < Coe™*.
We have shown that for each F' € \/Z:ml fre,

F\Spc< U R)u U2 X
RERE k=m1
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Therefore, letting Z = Upc(F \ SF),

u(Z)§u<U >+Z (Xk) <—+Céze <§+%=52.

ReERE k=m

[N~}

Writing \/}2,, f*¢ ={F;:j e J},let J'={j € J: plr,(F; \ Sr;) > e}. Suppose that

p(J F) =D uF) >e

jeJ jeJ’
Then

Z) =Y wZnF) =" wFulrZ

jeJ jeJ

> Fule (Z2) 2 ) u(Fy)e > &,

jeJ jed’
This contradicts the fact that u(Z) < e2. Therefore, for e-almost every F € \/ZZml f¥¢, namely for
{Fj:j¢J?}, ulp(F\ Sr) <e. The sets Sp are the ones we want. O

4.5. Step 4: Local definition of ). We now turn to the construction of i satisfying the conditions of
Lemma 4.9. At this point, the argument entirely follows [OW73, §3] or [CH96, §6.2], so we summarize the
main points here, clarifying how their argument unfolds in our setting.

Recall that 7 is the good d-almost partition (see Definition 4.16) provided by Proposition 4.17. The atoms
R; e wfori =1,...,n are rectangles. The construction of ¢ begins with Step (4), defining ¢; : SANR; — R;
for each rectangle from our auxiliary good §-almost partition 7 for which pu(S4 N R;) > 0. These v; will be
combined to form % in Step (5).

Consider those rectangles R; in m (i = 1,...,n), such that Sa N R; has positive measure, where Sy is
given by Proposition 4.22. Recall that for any y € S4 N R;, Vrf’Ri C VET:’A; that is, the connected component
of y’s unstable leaf in A stretches fully across R;.

For each such i, pick a point x; € S4 N R;. Consider V7> Sanki and Vs i These can each be equipped

with factor measures pg* \Vcs sanr; and pg Ivcs n; from the local product structure on R;. Each of these is a

non-atomic, Lebesgue, probabihty measure space (see the Remark just before Proposition 3.31), so there is
a bijective, measure-preserving map

. cs,SaNR; , cs cs,R;
Y; (le A 17/J’a:i|\/;.s’sAQRi) — (le 7Mw ivcs R; ) .
k2

Define ) on V5540 E:i by ;.
Let y € S4 N R;. Define v;(y) with this composition:

y = Wy NWeee (W N W) = W%(W;nvv;;) NWge.

This composition maps y along the strong unstable to the weak stable of z;. Since R; is a rectangle, W' NW*
is still in R;, and since y is in Sa, W NWg* is still in S4. Hence, ¢; (W, NWg*) is defined. Then, using the
rectangular structure of R; once again, we push 9;(W,;' N W*) back to the weak stable of y. (See Figure 5.)
The construction of v; involves translations along the strong unstable factor of the product composed
with a measure preserving map in the weak stable leaf. Therefore, 1; : (Sa N Ry, ply [s,) — (Ri, pilg,) is
measure-preserving for the (correctly conditioned) product measures. This completes Step (4).

4.6. Step 5: Completing the argument. By Step (1) (i.e., Proposition 4. 11) we can choose a partition
¢ of (GS, p) with u(B(0¢,7)) < Cr for any r > 0. Let € > 0 be given. Let § = e, Given § (and tg = 2), w
obtain E, ¢, and B from Proposition 4.19. Given this B and the A-value ¢/sg, let 4 be as provided by Lemma
4.2. Then apply Proposition 4.17 from Step (2) to get m = {Ro, R1,..., Rr} a good §-almost partition for
8 =min{0,6}. Fori=1,...,k, let G; C R; be the set described in Step (2).
By the K-property for (GS, i, g¢) ((CCE*23, Theorem A]), there exists an integer m (depending only on
e) such that, setting N = 2m, for any integers Ny > Ny > N, J-a.e. atom A of \/N1 ™ fi¢ satisfies, for
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FIGURE 5. The definition of ;. y' = W N W2, y" = (W, N We*). 1; spreads out the
dark shaded region to the light shaded region in a (conditional) measure-preserving way.

every R e,

(5) ]“'A<R> _ 1’ <6

p(R)

By Proposition 4.22 (with € in that Proposition taken to be our current ¢), we can also take N = 2m so
large that whenever Ny > Ny > N, d-a.e. atom A of \/%;:z f€ contains a set S C A with pu|4(S4) >1-48
intersecting R layerwise. This application of Proposition 4.22 uses the E we obtained from Proposition 4.19
and the fact that &' < 4.

Let m, N, Ny, N1 as above and n > 0 be given. Let w = \/iV:l]\_,:Zm
4.9, that for a universal constant ¢ > 0, cz-a.e. atom A of w satisfies

d({fiemm  Af e A, < ce

At this point, we can state the definition of 9. For A € w,ify € SaNR; (i = 1,...,n) where u(SaNR;) > 0
set ¥ (y) = v;(y). For all other y, set ¥(y) =
It remains to verify the conditions of Lemma 4.9 for ce-almost every A € \/fc\]:1 No k€. We begin by

fi€. We want to prove, using Lemma

identifying the ‘bad’ atoms in \/kN:1 No fF¢, and ensuring that their total measure is less than ce.
Let
F = U A.
Acw:A fails (5)

By our choice of N, pu(Fy) < 6.
Let Fy = Ule(Ri \ G;). By Step (2), p(F») < 6. In addition, using facts from Step (2),

k
(6) Z e, (F2 N R;)

=1

k
)(1+6) — (G Z [(1468) —(1—6)% <30

uMw
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Let

Py = U A
1P, (ANFy)

7 1/2
e >0

A€w: either p|a(F2)>61/2 or 3ok,

Some computation shows that M(FQ) < 45'/2. We provide part of the argument here, as it is illustrative of
a general strategy for bounding the measures u(F;) throughout (see also [CH96]). Recall that u(Fz) < 4.

Then u|a(Fy) == % > §1/2 implies that for such A, u(A) < §~/?u(Fy N A). Hence,

m U Al < > VPN A) =671 Pu(Fy) < 52,

A€w:p|a(Fa)>061/2 all Acw

A similar computation using (6) bounds the other part of the union for F, by 361/2,
Let
F3:{$€GS\R0$¢SA}

where S4 is provided by applying Proposition 4.22 to A and the collection R = {Ry,..., R;}. Let

Fy = U A.

A€w:p| o (F3)>81/2

By similar arguments, using the fact that p|4(S4) > 1 — 6, we find that pu(F3) < 64/2,

Finally, let

Fy={z € GS\ Ry : 3y € V™ such that h(z,y) > 6'/2}.
If 2 € Fy, then x and y, two points on the same weak stable which are < diamw(z) < 6/C apart are, with
relative frequency > 6'/2 over the integers 1 +m < i < n + m, in different atoms of f~*¢. Hence, for all
T € Fy,
#{1+m<i<n+m:zecB((df € 5/C))} >not/2

That is, each point in Fy is in at least nd'/? of the sets {f~"B(0¢,6/C)} 4™, a sequence of n sets each
with measure at most Cé/C = ¢ by our condition on the measure of neighborhoods of the boundary of a.
Thus we have

> w(Fin ;M B(0g, §/C)) > nd 2 u(Fy),
i=1
and therefore, some f~% B(9¢,6/C) satisfies

n51/2

5> pu(f~" B(0€,6/C)) > u(Fy N f~7 B(8€,5/C)) > (Fy) = 62 pu(Fy).

Hence, u(Fy) < 61/2. Let

Fy = U A.
Acw:p|a(Fy)>61/4
Again, by a similar argument to those above, u(F4) < 614,

Assembling the full collection F = F1 U Fg U F3 U F4 of ‘bad’ atoms, for some constant ¢ we have
w(F) < 66"/% = 6¢, as desired.

We now describe the construction of the sets F; and Fy in Lemma 4.9 for any atom A of w in the
complement of F. This is 6e-almost every element of w. Any such A C F¥, ie., pla(Fy) < 6Y/* = &. Let

= AN Fy. Then u|4(E1) <e. When x ¢ Ey, by definition of Fy, noy € V™~ (o) satisfies h(z,y) > 61/2.
In particular, h(x,¢x) < §'/2 < ¢ as desired for Ej.

To construct Eg, we will consider the union of various ‘bad’ subsets of the atom A. We first consider
AN Ry; since A C F¢ and u(Ro) < 8, we obtain | 4(Rg) < 26. We next consider the sets AN F and AN Fy;
as A is in the complement of both F, and Fj we readily obtain that p|a(Fs) < 6Y/2 and p|4(Fs) < §1/2.

The next sets consist of all the rectangles in which A contains too large a proportion of either Fy or F3.
We denote by Dy the set that contains too large a proportion of Fs, measured either with respect to the
product measure or the invariant measure.
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Dy = U R;.

p
ANF.
g, ( 2)

wianmy >0

R;: either /AIAmRi (F2)>81/4 or

Using the fact that A is in the complement of F, some computation, similar to the arguments given for
bounding the measures u(F}), shows that |4 (D) < 26'/%. Similarly we define

D3 = U R;,

Ri:planr,; (F3)>61/4

and again, using the fact that A is in the complement of Fg, some computation shows that u|4(D3) < o1/4,

The final bad subset is ¥ ~!(F»). As we have already considered the intersection of A with Rg, F», F3,
and Dy we will only need to estimate the measure of the part of the subset that lives in the complement of
these sets. Following the argument given in [CH96, §6.2], which estimates this measure for a particular R;
in the complement of Ry U Ds and then sums over all rectangles, we find that

ftla(¥ ™ (F2) N (Ro U Fy U F3 U D)) < 274,

We then define
Ey=AN(RyUF, UF;UDyUDsUY ).

Combining all the above estimates we see p|4(E2) < const.6'/* = const.e where the explicit universal
constant can be calculated if desired. In what follows we will continue this convention for the universal
constants.

We need the following fact, proven in section 6 of [CH96], to complete the proof that g; is very weak
Bernoulli.

Proposition 4.23 (Section 6, [CH96)). If A is an atom with A C Fy' N F3  and B C (AN R; N Ey)° for
some rectangle R;, then

#lang, (B) ‘ 1/4

——= — 1| < const.j

for a universal constant.

We now show how to use the above proposition to satisfy the conditions of Lemma 4.9. Consider a set

B C A\ E;. We will use Proposition 4.23 to bound ”;I&(g)) - 1‘ .

First, we overestimate the term by breaking the sum up over rectangles contained in (Ry U Dy U D3)¢:

\“'A(B) - 1\ = L ula(B) - n(B)|

n(yB) ~ u(yB)

planr, (B) pla(R)
e (¥B) p(R;)
—_———— ——

1st 2nd

< > plyB(R:)

RiC(ROUDQUD:;)C
We know that for the second term,

et |

W(R;)
since F} is defined as the set where (5) fails and A is in the complement of Fy. As for the first term, directly
from Proposition 4.23, we know that

‘;mm _ 1’ < const.54,

HIR; ('LZJB)

Combining these,
tlang,(B) pla(Rs)

plr,(¥B) p(R;)
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since J is small, again with a universal constant. Finally,
1l a(B) ‘ 3 planr (B)  pla(Ri)
-1 < lys(Ri) : -
‘ WU B) . U, (0(B)  p(Ro)

< const.6M/* Z 1y (R;)
R;C(RoUD2UD3)e

-1

< const.61.

Recalling that ¢ = § i, we have completed our verification of condition (2) of Lemma 4.9. Having satisfied
the conditions of Lemma 4.9, we now have that

d({f e A ariim,,) < ee,

for some ¢ depending only on G.S, as desired.

APPENDIX A. LOCAL PRODUCT STRUCTURE OF EQULIBRIUM STATES FOR GEODESIC FLOWS ON RANK 1
NONPOSITIVELY CURVED MANIFOLDS

Consider a closed, connected, C*° Riemannian manifold (M, o) of rank 1 with nonpositive sectional
curvature and dimension mg. Let (g¢):er be the geodesic flow on the unit tangent bundle T*M. We recall
that there are two continuous, invariant subbundles E° and E* of TT'M, each of dimension mg — 1, which
are orthogonal to the flow direction E° in the natural Sasaki metric. In negative curvature, the geodesic
flow is Anosov with Anosov splitting TT'M = E°* @ E¢ @ E* with uniform contraction and expansion on
E?® and E", respectively. In nonpositive curvature, £ and E;' may intersect nontrivially, and the rank of
a vector v € T*M is defined to be 1 + dim(ES N E*). Then, M has rank 1 if the minimum rank over all
vectors in T1M is equal to 1. The set of vectors whose rank is larger than 1 will be called the singular set,
and denoted by Sing, while the set of rank 1 vectors will be denoted Reg.

It was shown in [BCFT18, Theorem A and B] that if a Hélder continuous function ¢: T'M — R is locally
constant on a neighborhood of Sing then there exists a unique equilibrium state p for the potential ¢. We
will refine this result by showing that u has a local product structure (see Definition 3.27 in combination with
Definition A.10). This, in conjunction with the results of [CT22], give an alternate proof of the Bernoulli
property for these equilibrium states.

A.1. Geometric preliminaries. Let (M, o) be as above. For each tangent vector v € T' M, there exists a
unique constant speed geodesic denoted by -, with 4, (0) = v. The geodesic flow is defined by g:(v) = 4, (t).
Let d be the distance function on M. The Knieper metric, dx, on T'M is defined as follows [Kni98]:

dic (v,w) = max{d(y,(), v (1)) | ¢ € [0, 1]}.

The Knieper metric is uniformly equivalent to the Sasaki metric on T'M which is the lift of the Riemannian
metric on M.

The geodesic flow generates natural invariant foliations that we now define. First, we describe precisely
the (g¢)¢er-invariant subbundles E¢, E*, and E* of TT'M, where the bundle E° is spanned by the vector
field that generates the geodesic flow.

Let J(v) be the space of orthogonal Jacobi fields for a geodesic v. Then, J € J(v) is called stable if
| ()|l is bounded for t > 0, and unstable if it is bounded for ¢ < 0. For each v € T*M, there is a natural
isomorphism between TT*M and J(7,) so that if £ — J¢ then

1 dge(I* = 1 Te (01> + 1TE )1
The stable and unstable subbundles of TT'M are defined as
E*(v) ={¢ € T,T'M | J¢ is stable} and E“(v) = {¢ € T,T"M | J¢ is unstable}

respectively. We denote E°® = E° @ E*®. By [Ebe0l], E%, E*, and E°® are integrable to the foliations W*
(unstable), W* (stable), and W (center stable), respectively. For more details and properties of the bundles
and foliations, see [Ebe01] and [Bal82].
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For each v € T' M, we can consider the intrinsic metrics on the leafs of the defined foliations. The intrinsic
metric on W#(v) is given by

d* (u, w) = inf{€(mx¢) | ¢: [0,1] = W*(v) is C* map, ¢(0) = u, ¢(1) = w},

where 7: T*M — M is a natural projection and £ is the the length of the curve in M. Similarly, we define
the intrinsic metric d* on W*(v). The intrinsic metric on W°(v) is given locally by

d® (u, w) = [t + d*(gru, w),

where ¢ is the unique value such that g;u € W*(w). The local definition extends to the whole leaf W (v).
The local stable leaf through v of size € is

Wo(v,e) = {w e W*(v) | d°(v,w) < e}.

Similarly, we can define the local unstable leaf W (v, ) and the local central stable leaf W (v, ¢).

A.2. Bowen Balls, rectangles, and Bowen brackets. As before, we introduce the notion of stable and
unstable Bowen balls.

Definition A.1. Given x € T'*M and e,t > 0, the unstable Bowen ball is

Bi(xz,e): ={y e W*(z,¢e) | d“(grx,9ry) < e for 0 <r <t}

={y € W(z,¢) | d“(grx,gry) < € for —oo <r <t}
The stable Bowen ball is defined similarly, with W*(x,¢e) replacing W*(x,¢) and taking —t < r < oco.
We will also use two-sided Bowen balls, defined as follows

Definition A.2. Given x € T'M and ¢,t1,ts > 0, the two-sided Bowen ball is given by

B4, t,)(w,e) i={y € TM | di(grx, gry) < € for —t; <7 <ts}.
We will also sometimes write Bjo4)(x,¢) = Bi(x,€) in the interest of simplification of notation.

As is already evident, we will often be forced to work with multiple metrics at once. Luckily, we have
direct relationships between them.

Lemma A.3. [BCFT18, Lemma 2.13] There exists A > 0 such that for all v € T'M, w € W (v) and
z € W"(v), we have

dg(v,w) < d®(v,w) and dg(v,z) <erd%(v,2).

In [BCFT18, Definition 2.10], the authors defined a continuous function A : T*M — [0, 00) which played
an essential role in studying the dynamics of the geodesic flow. For the details of the definition of A and its
properties, see [BCFT18, Sections 2.4.2 and 3.2].

Everywhere below, we will use that the complement of Sing is Reg. Similarly to Definitions 2.5 and 2.6,
we have

Definition A.4. Let ¢ > 0. We define
Reg(c) :={z € T*M | M\(z) > c}.
and
Clc) = {(x,t) e T'M x R | AM(x) > ¢ and \(gix) > c}.
In order to show product structure of the measure, we first recall the topological local product structure.

Lemma A.5. [BCFT18, Lemma 4.4] For every ¢ > 0, there exists p > 0, x > 1 such that for all v € Reg(c),
all € € (0,p], and all wi,we € B(v,¢), the intersection (w1, ws] = W (wy, xe) N W¥(wa, xe) is unique.
Furthermore,
d®® (w1, [wy, wa]) < xdk (w1, wa),
du(wZa [wla wQD S XdK(wla UJQ).
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Note that from Lemma A.5 we have
dcs(U7 ’U)) = dcs(v’ [’va]) < XdK(Ua U}) and du(va Z) = du(va [Za U]) < XdK(’Uv Z)

when dg (v, w) and di (v, z) < p.

With Lemma A.5, we can extend the bracket operation to be defined on sets when appropriate. Conse-
quently, we have the following result comparing the bracket of stable and unstable Bowen balls with two-sided
Bowen balls.

Lemma A.6. Letc > 0, and let p, x be as in Lemma A.5. Letv € Reg(n), € € (0, 1Z], and s € (g,2¢). Then,
there exists T; := T;(x) > 0 fori = 1,2 such that for allz,y € B(v,e) andn,m > 0 with A(g—my), AM(gnx) > ¢,
we have

B[—m,n]([x’yLTlE) C g[—s,s] [B::(LB,E), Bfn(y’s)] - B[—m,n]([xvyLTﬂ‘: + (eAX2 + 1)5)

Proof. We begin with the second inclusion. First, as e < 4, we know that [B};(x,€), By, (y,¢)] is well-defined.
Let wy € BY(z,¢e), we € B:,(y,€), and r € [—s, 5].
For 0 <t <mn,

drc (gegr[w, wal, e[z, y]) < dic(ge[wi, grws], gewn) + dic (gews, 9:%) + dic (g, gela, y))
< dgc([wy, grwa], wn) + €*d*(grwr, gix) + dic (x, [, )
< d®([wy, grwa], wy) + ed* (giwy, gex) + d°(x, [z, y))
di (w1, grw2) + e + xdk (z,y)
[di (w1, ws) + dg (w2, grws)] + eMe + y2e
[di (w1, ) + di (z,y) + dic (y, w2)] + x5 + e + x2e
<GB+t + ety xe + xs.

X
<X
<x
For —m <t <0,
gilw, grws), grgrw2) + dic (gegrwa, g1y) + dx (9:y, gz, y))

di(
di ([wi, grwa], grw2) + dg (gegrwa, grw2) + di (gews, gey) + dx (y, [z, y])
dK([wlv grw2]7g7'w2> + s+ dK (w27 y) + eAXdK (LE, y)

dr (gegr[wr, wal, g¢ [z, y])

ININCIA

IN

eAde(wl,grwg) + 5+ ete+ ePy2e
A xe(B 4 €M) + xs] + s+ ele + el x2e
= [5ex + 2 x + eMe + (ex* + 1)s.

IN

Letting Ty = (5e® + €A + ey ~1)x we get
G[-s,s] [B:lt('rv 8)’ B’rsn(y7 8)] C B[fm,n] ([33, y]v Tre + (eAX2 =+ 1)8)
Note that if » = 0, the terms involving s are unnecessary. That is,
[B;f(-% 5)7 Bin(f% 5)] c B[fm,n] ([377 y]’ T25)'

We now turn to the first inclusion. Let w € B[, »([z,y], T1€) with T} to be determined. We claim that
[y, w] € B (y,e) and [w,z] € By(x,e). Given this claim, w = [[w,z], [y, w]] € gi—s¢[Br(2,¢), B}, (y,€)] as
desired.

To prove the claim, we start with [w, z]. For any 0 < t < n, dx (grw, g[z,y]) < Tie. Consider [ghw, gny] =
[gnw, gn[x, y]]. Then

d*(gnlz, y], [gnw, gn [z, y]]) < XdK (gnw, gnlz,y]) < xThie

since w € B, n)([7,y], T1e) for the second inequality. The first inequality uses the fact that A(g,z) > ¢
and

di (gn®, gnw) < T + dx (gn[z, Y], gnx) < Tie + di ([2,y],7) < Tie + xdk (2, y) < p.
Therefore,

[w,y] € B,Z([J?,y],Xle’;‘).



Of course, x € B:,(x,e/Ts). Therefore, by the second inclusion, as long as Ty < ﬁ,
[wv ‘T] = Hw» y]a :U] € [BZ([I’, y]v XTl‘s)’ B;Z(ffa €/T2)] - B[—m,n] (.’E, 5/X)'

Therefore, di (g, [w, x|, gnx) < i, and so d“(gn|w, 2|, gnx) < €. Thus, for all 0 <t < n, d*(g:[w, =], 1) < €.
Hence, [w,x] € BY(z,¢) as desired.

Finally, we turn to [y, w]. For all —m <t <0, dx(giw, g¢[z,y]) < Ti¢, for T} to be determined. Consider
[g:2, gw] = [g¢[z, y], gsw]. Using the fact that A(g_ny) > ¢,

A% (g-mlz, w], g-mlz, y]) = d”([9-m[z, Y], g-mw], g-m[2,y]) < xdK (9:[z,y], grw) < xThe.
Therefore, for some r < xTi¢,
gT[mv w] € Bfn([l'v y]v XTlE)'

Applying the second inclusion again,

ol = bl € | B (155 ) B G xrio)|

- B[fm,n} ([yv [l‘7 y]]’ TQXT15>

9
C Bj_ —
= DPl-m,n] (% 2X)

provided T} < ﬁ Note also that with this choice, 7 < 5. Therefore, for all —m <t <0,

€
dr (9:9- [y, w], gry) < E

and hence

A (guly, wl, gry) < e.
Therefore [y, w] € B (y, ) as desired. O
Definition A.7. Let x € T*M with \(z) = ¢ > 0, and take p := p(c) and x := x(c) as in Lemma A.5. For

all e € (O we define the rectangle R(x,€) centered at x of radius €

R(z,e) := W (x), W2 ()]

P
’ 44x(1+x)(1+e‘\)>’

This is well-defined, since given w € W2 (z) and v € W} (z), we have

d (w,z) < erd"(w, x) < g,
and

drg(v,2) <d®(v,z) = d°(v,z) <

[N

The di diameter of R(x,¢) scales well with e.
Lemma A.8. Given y € R(x,¢), dx(y,x) < (1 + x)e.
Proof. Let y = [v1,v2]. Then we have
dg ([v1,v2], ) < dg([v1,v2],v1) + di (vi,2) < d°([v1,v2],v1) + di (v1,2) < (1+ x)e.
([l
Proposition A.9. Let sy be the minimum length of a closed geodesic. Given R = R(x,€) as above, with
Azx) = ¢ > 0, then for all distinct t,s € (—%0, 370), gRNgsR = 0.

Proof. Tt suffices to show that for all |t| € (0, s0), g¢gRN R = 0. Assume for contradiction that y € g;R N R.
Then y = [v1,v2] = gi[w1, ws] for vy, w1 € W¥(x) and va, we € WE(z). Thus, we see §(—00) = wa(—00) =
Ua(—00), and v7(00) = wi(00). As ve, ws € WE(x), this implies that vy = we, and similarly, vy = wy, since
vy, wy; € W(z). However, this implies that g_;y = y, a contradiction. O

Using this, we can now define a flow box.

Definition A.10. Given a rectangle R(z,e) as above and n > 2(so)~', define a flow box By(n,e) :=
g—1 11R(z,€).

n'n

43



By Proposition A.9, we see that we can uniquely express every y € B,(n,¢) in the form g:[v, w].

Proposition A.11. If we take ¢ as above and 1 < min {%0, p(;) }, then [-, -] is defined on By (n,¢).
Proof. Let y1,y2 € By(n,e). Then y; = gy, [vi, wy] for v; € W (z) and w; € WE(z). Then
dic(yor) < |ti] + dic([oiwi), @) < £+ (14 x)e < p

using Lemma A.8. Therefore, by Lemma A.5, [y1,y2] is defined and consists of a unique point. O

Henceforth, we will write B(ng, £), omitting the basepoint x and fixing a time scale ng > max{%, m}

We will also fix ¢ > 0 such that A(xz) > ¢ and assume that € < 4x(c)(1+px((cc)))(l+e/\)’ so that we can use all of
the previous results. Additionally, we will use the same notations for the local center stable and unstable
leaves in B(ng, ) as in Definition 3.18.

Going forward, we will sometimes need variations of results that we have already shown, such as Lemma 3.19.
Unless otherwise noted, the proofs provided for the geodesic flows on flat surfaces work for the geodesic flows
on non-positively curved manifolds with minor appropriate changes, e.g., GS being replaced by T'M and
<'7 '>su by ['a }

Lemma A.12. (¢f. Lemma 3.19) For all =% < a < b < % and for any n > 2(so) ", for any measurable
ACVy and B CV;} such that p(gpan[A, B]) >0,

plopyaB)

1 (gap [4,B])  nb—a)

A.3. The Bowen property. In this section we establish the Bowen property (see Definition 3.2 with G.S
replaced by T M and dgs by dg) for Holder continuous potentials that are locally constant on Sing.

Theorem A.13. Let M be a closed connected C*° Riemannian manifold of rank 1 with nonpositive sec-
tional curvature. Assume ¢: T'M — R is Holder continuous and is locally constant on a §-neighborhood,
B(Sing, ), of Sing with respect to dx metric for some 6 > 0. Then ¢ has the global Bowen property.

Proof. By Proposition 3.6, using the fact that the setting of [BCFT18] is a A-decomposition, it suffices to
show that ¢ has the Bowen property on C(c) := {(v,t) € T*M | \(v), A(g:v) > ¢}. Thus, this theorem will
follow from Proposition A.19 and Lemma A.20 below. |

Corollary A.14. Let ¢ > 0. There exists 6 :=6(c) € (0,%2) such that the following holds. Let v € Reg(c),
e € (0,6] and 2,y € B(v,e). Then for all my,ma > 0 with AN(gm,®) > ¢, M(g_m,y) > ¢, and —2c < a < b <
2e, there exists Q1 := Q1(g) > 0 and Q2 := Q2(e, min{A(gm, [, y]), AN(g—ms[2,y])}) > 0 such that:

b—a

3e

—(m m M1 s|T, S u S
Que™ (Mm@ Sy Saslr e < (g, (B, (@,€), B, (4:2)])

< b= e MM PO, dloulwa) ds

Proof. First, observe that the upper and lower Gibbs properties described in Corollary 3.7 and Proposition
3.9, respectively, apply in this setting, because specification is proved in [BCFT18, Theorem 4.1] for the set
of orbit segments (x,t) such that A(z) > ¢ and A(g:x) > ¢ for some scale ¢, and ¢ has the global Bowen
property by Theorem A.13. As the upper Gibbs property only holds for sufficiently small radii, fix ¢’ > 0 so
that both the upper and lower Gibbs properties hold at all scales less than ¢§’.

Now, by our choice of a,b, and the fact that 2e < %, we can apply Lemma A.12 to show

H(g1a B, (2.2). By 0.2 = ZC= g (B2, 0.0, B, (2.

The statement now follows immediately from Lemma A.6, taking § small enough so that max{7}0, (T» +
2¢*x? +2)6} < min {§’, 12 } where A as in Lemma A.3 and x as in Lemma A.5. O

u(g[,%e

)

Towards the proofs of Proposition A.19 and Lemma A.20, we recall some definitions for the setting of
geodesic flow on nonpositively curved manifolds and results in [BCFT18].
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Definition A.15. A potential ¢: T'M — R is Hélder along stable leaves if there exist constants C,0,& > 0
such that for any v € T*M and w € W*(v,¢), then |¢(v) — ¢p(w)| < Cd*(v,w)?. A similar definition can be
made for unstable leaves.

Definition A.16. A potential ¢: T'M — R has the Bowen property along stable leaves with respect to a
collection of orbit segments C if there exist 0, K > 0 such that

t
sup {‘/ d(grv) — ¢(grw)dr| | (v,t) € C,w € Ws(v,é)} < K.
0
Using A, one can show definite contraction and expansion rates on the stable and unstable leaves in the

following manner.

Lemma A.17. [BCFT18, Lemma 3.10] Given ¢ > 0, fiz p := p(c) > 0 small enough so that if di (v, w) <
pe, then [A(v) — A(w)| < §. Now, for any v € T'M and w,w' € W*(v, p), for all t > 0 we have

ds(gtw,gtw/) < ds(w,w’)ef J§ max{\(gsv)—§,0} ds
Similarly, if w,w' € W¥(v, p), for all t >0,
d“(g,tw,g,tw') < d”(w,w’)e‘ J§ max{\(g_sv)—%,0} ds

In order to use this lemma, we need to prove a technical result about the growth of fot Mgsz) ds when we
know that A(gsx) is greater than ¢ with a set frequency.

Lemma A.18. Let (z,t) € T'M x [0,00) and suppose that there exists ¢, T > 0 such that \(z) > ¢ and
SUP,c(s—1,54+1) Mgr) = ¢ for all s € [0,t]. Then there exists ¢’ := '(¢,T) > 0 such that for all r € [0,1],
Jy max{\(gsx) — £,0}ds > rc’.

Proof. Take p := p(5) < 2T as above (using uniform continuity of A). Then, if » € [~p, p], it follows that
di (grv,v) < p < ped. So, for all v € T M, if M(v) > ¢, then A(g,v) — £ > ANv) — £ — £ > £ for r € [—p, p].
Now, let » < 3T. Then

/0 max{)\(gsa:) - g,O} ds > min{ﬁm}z = rmin{l, g} 2 > TSLTE

On the other hand, if » > 3T > p, we have

, L#r]-1 oresn)
/0 max {/\(gsm) - g,()} ds > Z /2 max {)\(gsgg) _¢ O} ds

k=0 72Tk 2
> |57l 7
—L2rlh4
SESOE:
2T 4
1 1\ cp
= <2T - 3T> T
_ P
24T
Thus, taking ¢’ = %, we complete our proof. ([l

We also prove the following proposition, which will be used in place of [BCFT18, Lemma 7.3]. The proof
requires that we make use of Lemma A.18 to upgrade the result to C(c).

Proposition A.19. Suppose ¢ : T'M — R is Holder along (un)stable leaves and is locally constant on
B(Sing,20). Then ¢ has the Bowen property on (un)stable leaves with respect to C(c) for any ¢ > 0.

Proof. Let ¢ > 0. By [BCFT18, Proposition 3.4], as well as Lemma 3.3, there exists T, ¢g > 0 such that for
all v € TYM, if M(gsv) < ¢g for all s € [-T,T], then v € B(Sing, §). As for all ¢ > ¢g, we have C(cg) D C(c),
we will assume ¢ < ¢y. Now, given (v,t) € C(c), we define a sequence of times ry, s so that, taking s; = 0,
we have
r = inf{s € [sg,t] | A(grv) > c for some r € [s = T,s + T},
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and
sk =inf{s € (rp_1,¢ | A(grv) < cforall r € [s —T,s + T}

If s is defined and rg is not (e.g., if it would be the case that rp > t), we take r, = t. Defined in this
manner, we have a sequence of intervals {[sy, 7] }}_; for which gsv € B(Sing, d) for all s € [sy,7%]. Observe
that from construction, for k > 1, we have A(g,,+7v) = ¢, unless r, = ¢, and additionally, sp11 > ry + 27.
Now, we use Lemma A.18 to estimate [; max {A(grv) — §,0} dr when s ¢ [sg,r)]. For this, observe that
for any s € [r; + T, s;+1], we have

S i—1 Sk+1 S
c c c
/ max {)\(grv) - 570} dr > Z/ max{)\(grv) . 5,0} dr —l—/ max {)\(grv) - 5,0} dr
0 k=0 re+T ri+T
i-1
> (sp41— (re+ 1))+ (s— (ri +T))C.
k=0

Now, let p := p(c) be as in Lemma A.17 and ¢’ as in the definition of the Bowen property along stable leaves.
Assume without loss of generality that p < min{d,d"}. Then for any w € W3 (v), by Lemma A.17, we have
that for any s € [r; + T, s;41], we have

d*(gsw, gsv) < d*(w, v)e~ Szo (k1= (i +T)) e —(s—(ri+T))c"
Therefore, using the fact that ¢ is Holder on stable leaves, it follows that for any such s, we have
|6(gsw) — ¢(gsv)| < Ce0¢ (= rHDHE L (srsa=(04T)
while for s € [r;,r; + T, using the fact that sp11 > r, + 27 for k > 1, we just have
6(gsv) — B(gsw)| < Ce—t¢ 1o (ka1 —(r+T)) < Ce—(i-1)0c'T

Finally, if s € [s;,7;], then v € B(Sing, §), and so w € B(Sing, 26). Therefore, ¢(gsw) = ¢(gsv). Combining
all of these results, we have that

]/ bgsw) — d(gyv) ds| < fj/w 6(ge0) = olg)l ds+ [ 10(gaw) — olg.0)| ds
0 S S —_ S S S S

i=0 Y Ti ri+T
n i Sit1
< ZTceiec izo(srt1= (et T)) +\/ |p(gsw) — d(gsv)| ds
i=0 ri+T
n S; )
< Z TCe—(i-Dc'T n / +1 Ce_ec'(s—(m+T)+E;,;})(sk+1—(rk+T))) ds
i=0 rit T
e o]
< Tcze—(i—l)eclT +/ Ce—ch' ds
i=0 0
< 0.
As this is constant and independent of our choice of v, we are done. O

Lemma A.20. Suppose ¢ has the Bowen property on C(c/2) with respect to stable and unstable leaves for
some 1 > 0. Then ¢ has the Bowen property on C(c).

Proof. The proof is almost exactly the same as that of [BCFT18, Lemma 7.4], which shows the same result,

just working with orbit segments in the collection G(c) C C(c). The only change needed is that they use

an earlier lemma [BCFT18, Lemma 3.11] to show that there exists d; > 0 such that if w € By(v,d) for

some (v,t) € G(c), then (w,T) € G(c/2). For us, replacing G with C, this follows immediately from uniform

continuity of . |
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A.4. Proof of the local product structure. As shown at the end of Section 3.3.4 (specifically in Propo-
sition 3.33 and Corollary 3.34) to prove Theorem D, it is sufficient to prove an analogue of Proposition 3.32.
We accomplish this with Proposition A.25 below.

Throughout this section we use the following notations. Let ¢ be the scale at which ¢ has the Bowen
property. Let 29 € T'M be such that \(z) > %H)\Hoo, and, using continuity of A, let kK > 0 be chosen

so that A|p(z30) = 2A(20). Fix o € (0, %) and p = p(co) as in Lemma A.17. Let o € Reg N G,

and write 19 := A(zg). Further, take p := min{p(ng), p} and x := x(n0/2) as in Lemma A.5. Now, choose
4 4 4 4

ng 1= max{%, 5w 5} and ¢ < min{d(np), 4X(1+x/;(1+e/‘)’ 4(1Eix)} with p(B(ng,e) \ Int B(ng,e)) = 0 which
holds for almost every small € by the same argument as in Lemma 2.35. Recall B(ng, ¢) is the corresponding
(ng, e)-flow box (see Definition A.10).

As in Section 3.3.4, we first show how to obtain a compact subset of V,* which satisfies the necessary
properties to apply the results of §3.3.1. In particular, we need the appropriate versions of Lemma 3.29 and
Propositions 3.30 and 3.31. The proofs provided for the geodesic flows on flat surfaces work for the geodesic
flows on non-positively curved manifolds with minor changes. If a more significant change is needed, we will
discuss it next to the statement.

Before we proceed, we note that for any y € B(no,¢) let m, : B(no,e) — V' and m,,, : V' — V' be
as in Definition 3.24. Moreover, those maps are continuous as the foliations that define them are (see, e.g.,
[Ebe01]).

One complication that arises in this setting is the fact that A(g:[w,z]) is no longer equal to A(g;w) or
A(gtz) for sufficiently large ¢. In this setting, we leverage uniform continuity of A and the contraction along
local strong (un)stable manifolds to obtain a statement similar to Lemma 2.32.

Lemma A.21. Let ¢ € (0,||A||oo), and let p := p(c) > 0 be as in Lemma A.17. Then for all x € T*M
and t > 0, if Ngiw) > ¢ and y € W(x,p), then Ngy) > 5. Alternatively, N(g_sx) > c, then for all
z € W(z, p), we have A\(g—sz) > §.

Proof. Suppose A(g:x) > ¢ and y € W(z,p). Then dg(gy, gix) < di(z,y) < d°(z,y) < p < pel.
Therefore, by the definition of p, it follows that

c

Mgey) = Mgew) = IMgiw) = Mguy)| Z e = 5 = .

For the second half of the statement, observe that
di(g_12z,9_4x) < dg(z,2) < erd¥(z,z) < eMp.

The remainder of the proof is identical. O

Lemma A.22. (¢f. Lemma 3.29) Let ¢y € (0, %), and zg € T*M and k be as above. For any z €

G, there exists an increasing sequence {ty}rez which tends to £oo as k — too, respectively, such that
Mgt +s2) > 2¢ for all |s| < k.

Proposition A.23. (¢f. Proposition 3.30) Let ¢y € (O, ”)‘Jll‘”), and zg € T'M and x be as above. Let
x € B(no,e) NGy. Then for all |a|,|b] < nio and t > 0, and for all 6 > 0, we can find a compact subset
K c V*NIntB(ng,e) such that:

(a) for all z € K, there exists a sequence ty, — 0o such that A(gi, +s2) > 2¢ for all |s| < k;

() 1(giap) [K, Bi (z,€)]) = (1 — 0)ilgpan) V', B (w,€)]).

Proposition A.24. (¢f. Proposition 3.31) Let ¢y and xo be as above. There exists R’ C B(ng,e) with
w(B(ng,e) \ R') = 0 such that for all x,y € R/, there exists a sequence of partitions of B(ng,e), denoted
{&n}nen, such that for every continuous ¥ : B(ng,e) — R,

Ydpg = lm —r—rss
v n— o0 ,u(én(x)) En(x)

and similarly for y. Furthermore, for all sufficiently large n, we have that

g(%y%) |:Va:%731fz (Z7 g):| - fn(l') C g(%“%) [qufwBiz (276)]
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for some z€ V5, =22 <k < i—: —1, and t, > 0 such that for all 2’ € W*(z,p), Mg—¢.2") > . We have a

To’ ng —
similar statement for £,(y).

Proof. This proof proceeds in the same manner as Proposition 3.31. The main difference is that instead of
simply showing that A(g_¢_z) > co as we did previously, we use Lemma A.21 and the fact that p < p. Thus,
the additional statement that for all 2’ € W*"(z, p) we have A(g_;_ 2") > % follows. O
Proposition A.25. (c¢f. Proposition 3.32) There exists K > 0 such that for almost every z,y € B(ng,¢)
and for every uniformly continuous ¥ : B(ng,e) — (0,00),

l[}d(ﬂ'm,y)*:u; <K ¢dﬂz-
Vy“ Vyu

Proof. Let v : B(ng,e) — (0,00) be uniformly continuous, and let o« > 0 be small enough so that if
di (u,u') < 3a, then both 31(u') < ¥(u) < 2¢(v), and Ly (myu) < P(myu) < 2¢(myu’). Now let R’ C
B(no, ) be as in Proposition A.24, and let z,y € R’ N 1Int B(ng,e) N G,,. Observe that this is a full measure
set, from applying Proposition A.24 and the fact that p(B(ng, ) \ Int B(no, €)) = 0 by the choice of e. Now,
both v o 7, , and v are continuous functions, and so we can apply Proposition A.24 to estimate both

Yompydut= | wd(my,)ut and W dpl.
Ve Ve Ve

x

l[Allo
4

To do so, recall that we have fixed z¢ € B(ng,¢) and ¢y € (07

partitions given by Proposition A.24. We will now proceed with our proof by using Propositions A.23 and
3.12 to partition most of V! (and then, in turn V; and V;) into well-understood sets, for which we have
nice upper and lower bounds from the Gibbs property.

Let 0 < 8 < min{1, [|[¢||='}. For each n € N, recall that by Proposition A.24, there exists ky n, kyn €
[fﬁ 2" 1], ten, ty;m > 0 and zg pn, 2 € V3 such that

no’ ng —

), and let {&,}nen be the sequence of

P

3
G (ke kon+l {VI%’sz,n (Zlm, *)} C §n(3:) C G(ken bantl [V;},Bim (me,&)} s
(S bzt 2 (S fomt)

and similarly for y. Going forward, we will often omit the dependence on n from the notation since we will
primarily work with a fixed choice of n. Now, let K,, C V% be as in Proposition A.23 for ¢y with

Pl

i (o0 ey (KB )] ) 2 (= B0l (g0 hmgor) [V B )] ).

and similarly replacing every x with y. Then, use Proposition 3.12 and Corollary 3.16 along with Lemma
A.21 to define a partition w,, := {Ag, A1,---, Apn} of V', such that:

e For each A; € w,, i # 0, there exists w; € A; and t; > tR_'_n% such that By (w;, §) C A; C BE (wy, 2¢)
e For i # 0, AM(gs,w') > @ for all w' € W (w;, p)
o Ay C Véf) \Kn
e For i # 0, max{diam A; | A; € w,} < min{S,dK(Kn,BB(no,e))} where § is defined as follows.
Having fixed zo and € already, consider the map V! x Vo — TYM by (a,b) — mp(a) = [a,b]. By
continuity of the foliations defining the bracket, this is a continuous map, and over this domain it is
uniformly continuous. So, given any « > 0, there exists a & > 0 such that for all ai,az € Vi and all

bi,by € V3, dc(ar,az) < 6 and dg (b1, bo) < & implies dx ([a1, b1], [az, ba]) < 2av.

The second condition follows from the fact that p < p and using Lemma A.21.

Going forward, take n so large that diam B (2 4,¢), diam Bf ) (Zny.€) < 5. Below, still taking n large
1

enough that 5n

27 27T t"‘m

< «, this will guarantee that diamg(m kn’z+1> [Ai,BS (2n,2,€)| < 3, and similarly

with y in place of x.
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For t < 3a, tp(myqz) < (myz) < 20(mygez) for z € B(ng,e). For all such n, using the fact that

Ty =Ty 0 gr for 7 € {—n—o,%} we have
wOﬂ'ydug/ Yoy du
€n(x) 9 %%#)[V:O, 3, (20.0)]
< Bl o myllsopt(énla z/ oy du
(27211%5 )[A“B (Z;L-,E)]

10

e~ (titta) P(O)+[1 | d(grlwi za]) dr

< ﬂﬂ §n + ZQ¢ Ty wzazm])

i=1
The final step uses Corollary A.14, taking Q1 := Q1(2¢). We will also need the following lower bound:

o) 2 (s gy (75051 (25
> S o 51 (0 5) 51 (5]

From this, using Corollary A.14, it follows that

6¢e - 2"

(ti+ta) P(@)+[1 $(gslwisze]) ds

p (@) > o 2nz@( Ag-t. [we, ), Mg [wi, ) ) e

Note that, since [w;, z,] = W (w;, p) N W*(2g, p), we have by construction that A(g_., [ws, 2.]) > § and
Mg, [wr, 22]) = &.

Finally, we will need the following computations using the Bowen property to make use of these results.
Recall that ¢ has the Bowen property at scale g, and by the choice of ¢ and ng that diam B(ng,e) < &q.
Now, observe that dg(g.[w,z],g,2) < dx([w,z],z) < e for r < 0 for all w,z € B(ng,e) using the fact
that [w, z] € B(ng,¢), while dg (gr[w, 2], grw) < dg([w, z],w) < g for r > 0. Therefore, we have [w,z] €
Bi_p,0(2,€0) and [w, 2] € Bjg n)(w, o) for all n > 0. By Theorem A.13, there exists L > 0 such that for all
ny,ng > 0,

no 0
‘ <2L.

ogolw 2 dr— [ Slgrz)dr - / " Slgrw)dr

—ni —ni

Therefore, recalling that A(g_¢,2,) > ¢ by construction and writing Q2 := Q2 (%, 55 %), we have that:

S . —t:P(@)+ fy? $(grw;) dr
Jeo @y Yo mydp C gy @t ;1 vlmy i zl)e

w(én(z)  — 2Q2 TS et P@)+ 5 olgewi) ds
i=1
Note that 8 does not depend on our choice of n, although the rest of the computation does, as our collection
of z; and t; depends on our choice of K,.
Now, we will carry out similar computations to find a lower bound for the corresponding estimates of
fv; ¥ dp;;. These mirror those carried out above, except using the lower Gibbs bound instead of the upper

Gibbs bound and vice versa.
Recalling that we work with n large enough so that dlamg[ky ky+1:|[Ai,BtSu(Zy,€)] < 3a, and that

37y

t, is chosen so that A(g _tyzy) > ¢, we obtain a lower bound as follows. First, observe that V" C

g(ky Icy+l) [VxO,BS (zy,s)]. Therefore, for every w; € V! we have m,[w;, z,] € g( by ky+1) [V Bj (2y,€)|,

o’
2m

7 5

and consequently,

Bl fwi, )
g(i%ﬁkg-f—l) [VmO,B (Zyvs)] - 2 ’
Using this, we see
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wduz/ b
En(y g

) (5. 20) [Vas B, (24:5)]

22/9 B o vdu

o m
> QQQ e,Lef_ty D(grzy) dT‘eftyP(tﬁ) Z 7/)(7Ty [wia Zy]) eftiP(¢>)+f0ti o(grw;) dr.
— 3e-2n p 2
where the last inequality utilizes the Bowen property as we did in our previous estimates.
We also have the following upper bound:

1(én(y)) < p (g[ky SRSy [Vx%,ny(zyyff)D

27y T M

m
< 1_152 Z“ (g[’;g,kgf] {AhBtSy(Zyag)})
i=1

Q1(6¢ - 2n)—162LefEty @(grzy) dr Z e—(ti+ty)P(¢)+f0t7" é(grws) dr

i=1

IN

1
1-p2

Combining these two estimates, we have that for sufficiently large n,

Jeu ¥ (1 g2y 2Q2e o) tebelt Ko dret P@) g | Mmlin P @4 $lor)
wénw)) — Qu(6c - 2m)~Le2L el 0, A2 Ar S m (it ) P(6) [ (o) dr
S (1 p2) 29 Ty blmyfwy, e PO oo o

Qretl S et P@)+ 5t dlgrws) dr

Therefore, for all large n we can directly compare our estimates for fvu 1 o Ty 4 duy and a lower bound
for fvu ¢ dp, . Recall that we have already shown that
Y

m

. —t; P($)+ [y ¢(grw;) dr
;w(m[w@,zx])e 20, (fgn(z)q/)om,du B >

i e~ ti P(&)+ [ d(gaws) ds T Qpett w(&n())

=1

Further, m,[w;, 2,] = [w;, y] = my[w;, z,]. Consequently, we have:

fsn(y) W dp 2Q2 oIy P(mylws, zy])e PO dlarw) dr
w(€n(y)) Qretl S e—tiP(®)+ [y d(grw:) dr

09 (22) (3%) (Bzem ).

We can choose (8 arbitrarily small, independent of n. Thus, we have shown that

>(1-p%

ffn(ﬂ:) pomy, du

Jypomendis  Fuewm
Ly note e, e
ny Y (& (y))

< <64LQ1 ) i .
T\ 2Q2
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